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Abstract

Theuseof constraintpropagationis themainfeatureof any constraintsolver. It is thusof
prime importanceto managethe propagation in an ef�cient andeffective fashion.There
aretwo classesof propagationalgorithmsfor generalconstraints:�ne-grainedalgorithms
wherethe removal of a valuefor a variablewill be propagatedto the correspondingval-
uesfor othervariables,andcoarse-grainedalgorithmswherethe removal of a valuewill
be propagatedto the relatedvariables.Onebig advantageof coarse-grainedalgorithms,
like AC-3, over �ne-grainedalgorithms,like AC-4, is theeaseof integrationwhenimple-
mentinganalgorithmin aconstraintsolver. However, �ne-grainedalgorithmsusuallyhave
optimal worst casetime complexity while coarse-grainedalgorithmsdon't. For example,
AC-3 is an algorithmwith non-optimalworst casecomplexity althoughit is simple,ef�-
cient in practice,andwidely used.In this paperwe proposea coarse-grainedalgorithm,
AC2001/3.1,that is worst caseoptimal andpreservesasmuchaspossiblethe easeof its
integrationinto a solver (no heavy datastructureto bemaintainedduringsearch).Exper-
imentalresultsshow thatAC2001/3.1is competitive with thebest�ne-grainedalgorithms
suchasAC-6. The ideabehindthenew algorithmcanimmediatelybeappliedto obtaina
pathconsistency algorithmthathasthebest-known time andspacecomplexity. Thesame
ideais thenextendedto non-binaryconstraints.
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1 Intr oduction

Constraintpropagation is a basicoperationin constraintprogramming.It is now
well-recognizedthatitsextensiveuseisnecessarywhenwewanttoef®cientlysolve
hardconstraintsatisfactionproblems.All theconstraintsolversusepropagationas
a basicstep.Thus,eachimprovementto a constraintpropagationalgorithmhasan
immediateeffect on theperformanceof theconstraintsolvingengine.In practical
applications,many constraintsare of well-known typesfor which speci®calgo-
rithms areavailable.Thesealgorithmsgenerallyreceive a setof removed values
for oneof thevariablesinvolvedin theconstraint,andpropagatethesedeletionsto
theothervariablesof theconstraint.They areusuallyascheapasonecanexpectin
cputime.This stateof thingsimpliesthatmostof theexisting solvingenginesare
basedon a constraint-orientedpropagationscheme(ILOG Solver, CHOCO,etc.).
We call the algorithmsusingthis schemecoarse-grainedalgorithms.AC-3 [3; 4]
is a genericconstraintpropagation algorithmwhich ®ts the bestthis propagation
scheme.Its successors,AC-4,AC-6,andAC-7, indeed,werewritten with a value-
orientedpropagationwherethedeletionof a valuein thedomainof a variablewill
bepropagatedonly to theaffectedvaluesin thedomainsof othervariables.Algo-
rithmsusingthis propagationarecalled�ne-grainedalgorithmshere.Thecoarse-
grainedcharacteristicsof AC-3 explain why it is the algorithmwhich is usually
usedto propagatethoseconstraintsfor which nothingspecialis known aboutthe
semantics(andthenfor which no speci®calgorithmis available).Whencompared
to AC-4,AC-6 or AC-7, this algorithmhasa secondstrongadvantage,namely, its
independencewith respectto speci®cdatastructurewhichshouldbemaintainedif
usedduringa searchprocedure.Thus,it haseaseof implementation.Fine-grained
algorithms,on the otherhand,have morecomplex implementationwith possibly
higheroverheadsasthereis aneedto maintainsomecomplex datastructures.

Unfortunately, the worst casetime complexity of AC-3 is O(ed3), wheree is the
numberof constraintsandd is thesizeof themaximumdomainin aproblem.Fine
grainedalgorithmson theotherhandenjoy optimalworstcasecomplexity O(ed2)
[5]. The®ne-grainedalgorithmsarealsomoreef®cient whenappliedto networks
wheremuchpropagationoccurs[6; 7] while AC-3 is betterwhenthereis very little
propagation.

Email addresses:bessiere@lirmm.fr (ChristianBessiere),regin@ilog.fr
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In thispaper, wepresentanew algorithm,AC2001/3.1,whichis the®rstworstcase
optimalcoarse-grainedarcconsistency algorithm.This resultis somewhatsurpris-
ing sincedueto thenon-optimalityresultof AC-3 [8] from 1985,it is widely held
thatonly ®ne-grainedalgorithmshaveworstcaseoptimality. AC2001/3.1preserves
thesimplicity of AC-3while improving onAC-3 in ef®ciency bothin termsof con-
straintchecksandin termsof cpu time. In our experiments,AC2001/3.1leadsto
substantialgainsover AC-3 bothon randomlygeneratedandreal-world instances
of problemsandcomparableto AC-6, thefastest®ne-grainedalgorithm.

The ideabehindthe new algorithmcanbe appliedimmediatelyto obtaina new
simplepathconsistency algorithm,PC2001/3.1,whichhasthesametimeandspace
complexity asthebestknown theoreticalresults.Weshow how to usethesameidea
for arcconsistency onnon-binaryconstraintswith anew algorithm,GAC2001/3.1.
We alsogivea detailedcomparisonof coarse-grainedand®ne-grainedalgorithms.

Thepaperis organizedasfollows. Thepreliminariesaregivenin section2 before
thepresentationof AC2001/3.1andits complexity analysisin section3. Section5
extendsthe ideato pathconsistency andandgeneralisedarc consistency. Experi-
mentalresultsto benchmarkingtheperformanceof thenew algorithmwith respect
to AC-3andAC-6areshown in section4. Wecompareandcontrastmostpropaga-
tion algorithmsin section6 beforeconcludingin section7.

2 Preliminaries

In this sectionwegivesomebackgroundmaterialandnotationsusedherein.

De�nition 1 A �nite binaryconstraintnetwork (N; D; C) consistsof a �nite setof
variablesN = f x1; x2; � � � ; xng, a setof domainsD = f D1; D2; � � � ; Dng, where
the domainD i (i 2 1::n) is a �nite setof valuesthat variable x i can take, and
a setof constraints C = f c1; � � � ; ceg, where each constraint ck (k 2 1::e) is a
binary relationon two variables.A constraint on x i andx j is usuallydenotedby
cij . (a;b) 2 cij meansthat theconstraint cij holdswhenx i = a andx j = b. For the
problemof interesthere, werequire that 8a;b a 2 D i ; b 2 D j ; (a;b) 2 cij if and
only if (b;a) 2 cj i . Verifying whethera tuple(a;b) where a 2 D i andb 2 D j is in
cij is calleda constraintcheck. A solutionof a constraint networkis anassignment
of a valueto each variablesuch thatall constraintsin thenetworkaresatis�ed.

For simplicity, in theabovede®nitionweconsideronly binaryconstraints,omitting
theunaryconstraintonany variable[3]. Without lossof generalityweassumethere
is only oneconstraintbetweeneachpairof variables.

Throughoutthis paper, n denotesthenumberof variables,d thesizeof thelargest
domain,ande thenumberof constraintsin a constraintnetwork. (x i ; a) denotesa
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valuea 2 D i .

De�nition 2 Givena constraint network(N; D; C), thesupportof a valuea 2 D i

undercij is a valueb 2 D j such that (a;b) 2 cij . Thevaluea is viablewith respect
to cij if it hasa supportin D j . A constraint cij is consistentfrom x i to x j , that is
alongthearc (x i ; x j ), if andonly if everya 2 D i hasa supportin D j . A constraint
cij is arcconsistentif andonlyif it is consistentalongbotharcs(x i ; x j ) and(x j ; x i ).
A constraint networkis arcconsistentif andonly if everyconstraint in thenetwork
is arc consistent.

Fromthede®nition,weknow thataconstraintnetwork is arcconsistentif andonly
if everyvalueis viablewith respectto everyconstrainton its variable.

Beforepresentingandanalyzingthe new algorithm,let usbrie�y recall theAC-3
algorithmwhich is given in Fig. 1 asACX . The presentationfollows [3; 8] with
a slight changein notation,andnodeconsistency removed. The nameof the al-
gorithm ACX is parameterizedby X . For AC-3, the X is “-3” andthusthe pro-
cedureREVISEX is “REVISE-3”. For the new algorithm,AC2001/3.1,the X is
“2001/3.1”andthustheprocedureREVISEX is “REVISE2001/3.1”.

algorithm ACX
begin

1. Q  f (x i ; x j ) j cij 2 C or cj i 2 C; i 6= j g
while Q notemptydo

selectanddeleteany arc(x i ; x j ) from Q
2. if REVISEX (x i ; x j ) then
3. Q  Q [ f (xk ; x i ) j cki 2 C; k 6= j g

end

Fig. 1. A schemafor coarse-grainedarcconsistency algorithms

To enforcearcconsistency in a constraintnetwork, a key taskof AC-3 is to check
the viability of a value with respectto any relatedconstraint.REVISE-3(x i ; x j )
in Fig 2 is to remove thosevaluesin D i without any supportin D j undercij . If
any valuein D i is removedwhenrevising (x i ; x j ), all binaryconstraints(or arcs)
pointingto x i , exceptcj i , will berevised(line 2 and3 in Fig 1). A queueQ is used
to holdthesearcsfor laterprocessing.It canbeshown thatthisalgorithmis correct.

Proposition 1 ([3]) ApplyingalgorithmAC-3 to a constraint networkmakesit arc
consistent.

Thetraditionalderivationof thecomplexity of AC-3 is givenby thefollowing the-
orem whoseproof from [8] is modi®edin order to facilitate the presentationin
Section3.
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procedure REVISE-3(x i ; x j )
begin

DELETE false
for eacha 2 D i do

1. if thereis nob2 D j suchthatcij (a;b) then
deletea from D i

DELETE true
return DELETE

end

Fig. 2. ProcedureREVISEfor AC-3

Theorem 1 ([8]) Givena constraintnetwork(N; D; C), thetimecomplexity of AC-
3 is O(ed3).

Proof. Eacharc(x i ; x j ) is revisedif andonly if it entersQ. Theobservationis that
arc(x i ; x j ) entersQ if andonly if somevalueof D j is deleted(line 2–3in Fig 1).
So,arc(x i ; x j ) entersQ at mostd timesandthusis revisedd times.Giventhatthe
numberof arcsis 2e, REVISE(x i ; x j ) is executedO(ed) times.Thecomplexity of
REVISE(x i ; x j ) in Fig 2 is atmostd2. Hence,theresultfollows.2

The readeris referredto [3; 8] for more detailsand motivationsconcerningarc
consistency.

Remark. In implementingthe queue,to reducethe numberof queueoperations,
oneway is simply enqueuethe variablewhosedomainhasshrunk,insteadof en-
queueall relevantarcs.Whenwedequeueavariablefrom thequeue,we just revise
all constraintspointingto this variable.Themethodis alsocalledvariableoriented
propagation.This ideaappearedin [4] andin [9]. In thismethod,for eachvariable,
one more constraintis revised than in the original algorithm AC-3. However, it
seemsthat thesavingsfrom enqueueoperationswell compensatesthis costin our
experiments.

3 The NewAlgorithm

The worst casetime complexity of AC-3 is basedon a naive implementationof
line 1 in Fig. 2 in which b is always searchedfrom scratch.However, from the
analysiswe know a constraint(x i ; x j ) may be revisedmany times.The key idea
to improve the ef®ciency of the algorithmis that we needto ®nd from scratcha
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supportfor avaluea 2 D i only in the�r st revisionof thearc(x i ; x j ), andstorethe
supportin a structureLast((x i ; a); x j ). Whencheckingtheviability of a 2 D i in
thesubsequentrevisionsof thearc(x i ; x j ), weonly needto checkwhetherits stored
supportLast((x i ; a); x j ) is still in thedomainD j . If it wasremoved(becauseof the
revision of otherconstraints),we would just have to explore thevaluesin D j that
are“after” thesupportsinceits “predecessors”havealreadybeencheckedbefore.

Assumewithout lossof generalitythat eachdomainD i is associatedwith a total
ordering< d. The function succ(a;D j ), whereD j denotesthe currentdomainof
x j during theprocedureof arcconsistency enforcing,returnsthe®rst valuein Dj

that is after a in accordancewith < d, or N I L, if no suchan elementexists. We
de®neN I L asavaluenotbelongingto any domainbut precedingany valuein any
domain.

procedure REVISE2001/3.1(x i ; x j )
begin

DELETE false
for eacha 2 D i do

b  Last((x i ; a); x j )
1. if b =2 D j then

b  succ(b;D j )
2. while (b 6= N I L) and (: cij (a;b)) do

b  succ(b;D j )
if b6= N I L then

Last((x i ; a); x j )  b
else

deletea from D i

DELETE true
return DELETE

end

Fig. 3. ProcedureREVISEfor AC2001/3.1

As a simpleexample,let the constraintcij be x i = x j , with D i = D j = [1::11].
The removal of value11 from D j (say, after the revision of somearc leaving x j )
leadsto a revision of (x i ; x j ). REVISE-3will look for a supportfor every valuein
D i , for a total costof 1 + 2 + : : : + 9 + 10+ 10 = 65 constraintchecks,whereas
only (x i ; 11) hadlostsupport.Thenew revisionproceduremakessurethatfor each
a 2 [1::10], Last((x i ; a); x j ) still belongsto D j , and®ndsthatLast((xi ; 11); x j )
hasbeenremoved.Looking for a new supportfor 11 doesnot needany constraint
checksinceD j doesnot containany valuegreaterthanLast((x i ; 11); x j ), which
wasequalto 11. It saves65constraintcheckscomparedto AC-3.

Thenew algorithm,AC2001/3.1,is themainalgorithmACX augmentedwith the
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initialization of Last((x i ; a); x j ) to be N I L for any constraintcij andany value
a 2 D i . Thecorrespondingrevision procedure,REVISE2001/3.1is given in Fig.
3. In Fig. 3, line 1 checksif thesupportin Last is still valid andotherwiseline 2
makesuseof thedomainorderingto ®nd the®rstsupportaftertheold one.Wenow
show thecorrectnessof AC2001/3.1.

Theorem 2 ApplyingalgorithmAC2001/3.1to a constraint networkmakesit arc
consistent.

Proof. AC-3andAC2001/3.1haveexactlythesameinitializationphaseexceptthat
AC2001/3.1storesLast((x i ; a); x j ), thesupportfoundfor eacha on eachcij . It is
suf®cient to show thatREVISE-3(xi ; x j ) andREVISE2001/3.1(x i ; x j ) areequiv-
alentgiven thatD i andD j arethesamewheneitherprocedureis called.In other
words,a valuesis deletedby REVISE-3iff it is deletedby REVISE2001/3.1.Ob-
viously thereturnvaluewould alsobethesamefor bothprocedures.Without loss
of generality, wecanassumethatREVISE-3visits thesamevaluesastheordering
usedin < d.

Supposeavaluea is deletedby REVISE-3.Line 1 in REVISE-3tellsusthata has
nosupport.Consequently, line 1 in REVISE2001/3.1is alsotrueandthewhile loop
in line 2 will not®nd any support.Hencea will bedeleted.

Now considerREVISE2001/3.1deletinga valuea. Let b be theprevioussupport,
Last((x i ; a); x j ). Sinceline 1 will betrue,bis notasupportfor a. Thewhile loopat
line 2 alsodoesn't ®nd for a any supportafterb. Now supposethereis a supportb0

suchthatb0 < d b. It mustalsobea supportfor a in all thepreviousdomainsof x j .
Hence,Last((x i ; a); x j ) � d b0, which contradictsb = Last((x i ; a); x j ). Thus,a has
nosupportin D j andwill alsobedeletedby REVISE-3.

Proposition1 implies that AC2001/3.1achieves arc consistency on a constraint
network. 2

Next, weshow thatAC2001/3.1hasoptimalworstcasetimecomplexity.

Theorem 3 Theworst casetime complexity of AC2001/3.1is O(ed2) with space
complexity O(ed).

Proof. Hereit is helpful to regardtheexecutionof AC2001/3.1onaninstanceof a
constraintnetwork asa sequenceof callsto REVISE2001/3.1(x i ; x j ).

Considerthetotal time spenton anarc(x i ; x j ). Fromtheproof in Theorem1, the
arc(x i ; x j ) will berevisedatmostd times.
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In thel th (1 � l � d) revision of (x i ; x j ), let t l bethetime for searchinga support
for avaluea 2 D i . t l canbeconsideredas1 if Last((x i ; a); x j ) 2 D j (seeline 1 in
Fig.3) andotherwiseit is sl which is simply thenumberof elementsin D j checked
afterLast((x i ; a); x j ) andbeforethenext supportis found(thewhile loop in line
2). So,thetotal timeof thealgorithmspentona 2 D i with respectto (x i ; x j ) is

dX

1

t l �
dX

1

1 +
dX

1

sl

wheresl = 0 if t l = 1. Observe that REVISE2001/3.1(x i ; x j ) checksan element
in D j at mostoncewhenlooking for a supportfor a 2 D i . Therefore,

P d
1 sl � d

which resultsin
P d

1 t l � 2d.

To revise(x i ; x j ), we needto ®nd a supportfor eachvalueof Di . For thereareup
to d valuesin D i , atmostO(d2) timewill bespenton revising thearc(x i ; x j ).

Hence,the complexity of AC2001/3.1is O(ed2) sincethe numberof arcsin the
constraintnetwork is 2e (oneconstraintis regardedastwo arcs).

Thespacecomplexity of AC2001/3.1is boundedabove by thesizeof Q, andthe
structureLast. Q can be of complexity in O(n) or O(e), dependingon the the
implementationof thequeue.Thesizeof Last is in O(ed) sinceeachvaluea 2 D i

needsa spacein Last with respectto eachconstraintinvolving x i . This givesa
O(ed) overall spacecomplexity. 2

4 Experimental Results:AC2001/3.1versusAC-3 and AC-6

WepresentedAC2001/3.1,are®nementof AC-3with optimalworstcasetimecom-
plexity. It remainsto seewhetherit is effective in saving constraintchecksand/or
cpu time whencomparedto AC-3. As we saidpreviously, thegoal is not to com-
petewith AC-6/AC-7, which have very subtledatastructurefor the propagation
phase.However, we will seein the experimentalresultsthat AC2001/3.1is often
competitive with these®ne-grainedalgorithms.

Therehavebeenmany experimentalstudiesontheperformanceof generalarccon-
sistency algorithms[10; 11; 7]. Here,we take problemsusedin [7], namelysome
randomCSPsandRadioLink Frequency AssignmentProblems(RLFAPs).Given
the experimentalresultsof [7], AC-6 is chosenasa representative of a state-of-
the-artalgorithmbecauseof its goodruntimeperformanceover the problemsof
concern.In addition,a new arti®cial problem,DOMINO, in the samevein asthe
problemin Fig. 5 in [12], is designedto studytheworstcaseperformanceof AC-3.

Randomly generatedproblems.For the randominstances,we useda modelB
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X2Xn-1 Xn X3X1Xn-2

Fig. 4. Thedominoproblem

generator[13]. The parametersarehN; D; C; Ti , whereN is the numberof vari-
ables,D the sizeof the domains,C the numberof constraints(the densityp1 is
equalto 2C=N � (N � 1)), andT thenumberof forbiddentuplesperconstraint(the
tightnessp2 is equalto T=D2). We usedthegeneratoravailablein [14]. For each
classof problemstested,we ran the ®rst 50 instancesgeneratedusingthe initial
seed1964(asin [7]).

RLFAP. The radio link frequency assignmentproblem(RLFAP) is to assignfre-
quenciesto communicationlinks to avoid interference[15]. WeusetheCELAR in-
stancesof RLFAPwhicharereal-lifeproblemsavailablein theFullRLFAParchive3

at ftp://ftp.cs.unh.edu/pub/csp/archive/code/benchmarks .

DOMINO. Informally the DOMINO problemis an undirectedconstraintgraph
with n variablesanda cycle of constraints.Thedomainof any variablex i is D i =
f 1; 2; : : : ; dg. The constraintsare C = f ci ( i +1) j8i 2 1::n � 1g [ f c1ng where
c1n = f (d;d)g [ f (v; v + 1) j v < dg is calledthe trigger constraint andtheother
constraintsin C areidentity relations.(Seethevaluebasedconstraintgraphin Fig.
4.)A DOMINO instanceis thusfully characterizedby thepairof parametershn; di .
Thetriggerconstraintwill make onevalueinvalid duringarcconsistency andthat
valuewill triggerthedominoeffecton thevaluesof all domainsuntil eachdomain
hasonly onevalued left. So,eachrevision of anarc in coarse-grainedalgorithms
removesonevaluewhile ®ne-grainedalgorithmsonly do thenecessarywork.

Somedetailsof our implementationof AC2001/3.1andAC-3:0 areasfollows.We
implementeddomainsandrelatedoperationsby double-linkedlists.TheQ in AC-
3 is implementedasa queuewith a FIFO policy. For AC-6, we notedthat using
a singlecurrentlysupportedlist per value is fasterthanusingmultiple lists with
respectto relatedconstraintsas neededfor AC-7. This may be one reasonwhy
AC-7 is slower than AC-6 in [7]. Our implementationof AC-6 adoptsa single
currentlysupportedlist. The codeis written in C++ with g++. The experiments
arerunonaPCPentiumII 300MHzprocessorwith Linux. Theperformanceof arc
consistency algorithmshereis measuredalongtwo dimensions:runningtime and
numberof constraintchecks(#ccks).

3 WethanktheCentred'Electroniquedel'Armement(France).
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AC-3 AC2001/3.1 AC-6(� )

#ccks time #ccks time time

P1 (under-constrained) 100,010 0.04 100,010 0.05 0.07

P2 (over-constrained) 507,783 0.18 487,029 0.16 0.10

P3 (phasetransitionof AC) 2,860,542 1.06 688,606 0.34 0.32

P4 (phasetransitionof AC) 4,925,403 1.78 1,147,084 0.61 0.66

SCEN#08(arcinconsistent) 4,084,987 1.67 2,721,100 1.25 0.51
Table1
Arc consistency resultsin meannumberof constraintchecks(#ccks)andmeancputime in
seconds(time). (*) Thenumberof constraintchecksperformedby AC-6 is similar to that
of AC2001/3.1,asdiscussedin Section6.

4.1 Arc Consistencyasa PreprocessingStep

The®rst setof experimentsshows theef®ciency of AC2001/3.1whenarcconsis-
tency is usedfor preprocessing(without search).In this case,the chanceto have
somepropagationsis small on real instances.As such,we alsochooseproblems
falling in thephasetransitionof arcconsistency (see[16]). To seethedifferentbe-
haviours,we presentresultsfor randomlygeneratedinstanceswith differentchar-
acteristics(thosepresentedin [7]) andon a RLFAP instancewhereenforcingarc
consistency wasnot trivial:

� P1=h150; 50; 500; 1250i , under-constrainedCSPs,whereall generatedinstances
arealreadyarcconsistent;

� P2=h150; 50; 500; 2350i , over-constrainedCSPs,whereall generatedinstances
arearc inconsistent, which meansthat the instancesarenot satis®ableandthis
canbedetectedby enforcingarcconsistency;

� P3=h150; 50; 500; 2296i andP4=h50; 50; 1225; 2188i , problemsin thephasetran-
sitionof arcconsistency;

� theRLFAP instanceSCEN#08,which is arcinconsistent.

Table 1 presentsthe results.For the randomlygeneratedinstances,the number
of constraintcheck(#ccks)and time areaveragedover the 50 instancesin each
class.The under-constrained(P1) andover-constrained(P2) problems.represent
caseswherethere is little or no propagation neededto reachthe arc consistent
or arc inconsistentstate.This is the bestcasefor AC-3. The AC2001/3.1algo-
rithm still givescomparableruntimes,whichindicatesthattheoverheadincurredby
AC2001/3.1is not signi®cantsincein P1thereareno savingsin constraintchecks
andP2only savesabout4%of thechecks.

The P3 instancesaresparseproblems(with a densityof 4.5%)at the phasetran-
sition of arc consistency. The P4 instancesaredenseproblems(with a complete
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MAC-3 MAC2001/3.1 MAC6

#ccks time #ccks time time

SCEN#01 5,026,208 2.33 1,983,332 1.62 2.05

SCEN#11 77,885,671 39.50 9,369,298 21.96 14.69

GRAPH#09 6,269,218 2.95 2,127,598 1.99 2.41

GRAPH#10 6,790,702 3.04 2,430,109 1.85 2.17

GRAPH#14 5,503,326 2.53 1,840,886 1.66 1.90
Table2
Resultsfor searchof the�rst solutionwith aMAC algorithmin numberof constraintchecks
(#ccks)andcputime in seconds(time).

graph)alsoat thephasetransitionof arcconsistency. Usuallymuchpropagationis
neededon theseproblemsto make thenetwork arcconsistent.Weseethatherethe
runtimeof AC2001/3.1is signi®cantlyfasterthanAC-3dueto largesavingsin the
numberof constraintchecks.

The ®nal experimentreportsthe resultsfor a real-life problem,SCEN#08.Here,
AC2001/3.1alsosavesasigni®cantamountof constraintchecksandis alsofaster.

In ordertocompareAC2001/3.1toAC-6,it is necessaryto®rstunderstandthatthey
performthesamenumberof constraintchecks(seeSection6). Herethe runtimes
show thatfor mostof theproblemsAC2001/3.1andAC-6 arecomparableandwe
will returnagain to this comparisonwith theDOMINO problem.

4.2 MaintainingArc ConsistencyduringSearch

The secondsetof experimentswe presentin this sectionshows the behaviour of
AC2001/3.1when arc consistency is maintainedduring search(MAC algorithm
[17]) to ®nd the ®rst solution.We presentresultsfor all the instancescontained
in the FullRLFAP archive for which more than2 secondswereneededto ®nd a
solutionor to prove thatnoneexists.It hasto benoticedthattheoriginal objective
in theseinstancesis to ®ndthe“best” solutionundersomecriteria.This is of course
outof thescopeof thispaper.

Table 2 containsthe results.From theseinstanceswe can seea signi®cantgain
for AC2001/3.1on AC-3, with up to 9 timeslessconstraintchecksandtwice less
cputime on SCEN#11.As for theexperimentsperformedon randominstancesat
thephasetransitionof arcconsistency, this tendsto show that the trick of storing
the Last datastructuresigni®cantlypaysoff. In addition,we seethat in spiteof
its simpledatastructures,AC2001/3.1is fasterthanAC-6 on all instancesexcept
thedif®cult SCEN#11.Thereasonwhy AC-6 takesmoretime canbeexplainedas
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follows.Themaincontribution to theslow down of AC-6 is themaintenanceof the
currentlysupportedlist for eachvalueof eachvariable.Ourexperimentsshow that
theoverheadof maintainingthelist doesnotusuallycompensatefor thesavings,at
leastundertheassumptionthatconstraintcheckingis cheap.

4.3 TheDOMINOProblem

The last setof experimentswe madeshows the extremecasewherethe arc con-
sistency processconvergesafter a long propagation that removesall valuesin all
domainsbut thosebelongingto theuniquesolution.TheDOMINO problemis de-
signedto exhibit thisbehaviour. Whatwecanexpectfrom suchapathologicalcase
is to show us the deeppropertiesof non optimal coarse-grained,optimal coarse-
grainedand®ne-grainedalgorithms.

The resultsarein Table3. We canseeclearly theeffect of thenon-optimalworst
casecomplexity of AC-3. Thenumberof constraintchecksandcputime increase
dramaticallywith the size of the domains.As we alreadysaw, AC2001/3.1and
AC-6 performexactly the samenumberof constraintchecks.However, as in the
most dif®cult problemof Section4.2, the ®ne-grainedfeatureof AC-6 paysoff
with respectto AC2001/3.1especiallywhenthe domainsizeincreases.This can
beexplainedby theway AC2001/3.1andAC-6 propagatethedeletionsof values.
If we look morecloselyat theoperationsperformedby thesetwo algorithmswhen
a value (x j ; b) is deleted,we note that they achieve optimality in two different
ways.For each(x i ; a) suchthatx i sharesa constraintwith x j , AC2001/3.1checks
Last((x i ; a); x j ) againstthe domainD j to know whether(x i ; a) still hassupport
(seeline 1 in Fig. 3). TheLast indicateswhereto startthenew searchfor support.
AC-6ontheotherhand,maintainsfor each(x j ; b) thelist of thevaluesa for x i with
Last((x i ; a); x j ) = b. Whenbis deletedfrom D j , thanksto theselistsof supported
values,AC-6 directly knows which valuesin D i needto seeka new support,and
whereto startthenew search.

By countingthe numberof suchoperationsthey perform(membershiptestof a
Last in a domainfor AC2001/3.1and list operationson supportedlists for AC-
6) we obtainthe following interestinginformation.While they don't performany
suchtestsduring the initialization phase,thenumberof teststhey performduring
thepropagationasshown in Table4 differsquitesigni®cantly. As domainsizein-
creases(andthuspropagationbecomeslonger),thecostof AC2001/3.1propagation
increasesfasterthanthatof AC-6.
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AC-3 AC2001/3.1 AC6

#ccks time #ccks time time

h1000; 10i 319,964 0.19 155,009 0.13 0.16

h500; 100i 90,845,149 25.70 7,525,099 3.18 2.66

h300; 300i 1,390,485,449 381.25 40,545,299 15.40 12.16
Table3
Resultson theDOMINO problemin numberof constraintchecks(#ccks)andcputime in
seconds(time).

AC2001/3.1domainchecks AC6 list checks

h1000; 10i 53,991 17,999

h500; 100i 2,524,401 88,999

h300; 300i 13,544,401 179,399
Table4
Resultson theDOMINO problemin thenumberof domainversuslist checks

5 An Application to Path Consistencyand Non-binary Constraints

5.1 PathConsistency

Notation. In thissubsection,tosimplify thepresentationavariablex i is represented
by its index i .

Assumethereis a constraintbetweenany pair of variablesin a given constraint
network (N; D; C). If it is not the case,we adda specialconstraintbetweenthe
unconstrainedpairsof variables.Thisconstraintallowstheconstrainedvariablesto
take any values.Thenetwork is pathconsistentif andonly if for any cij 2 C, any
tuple(a;b) 2 cij , andany variablek 2 N , thereexistsavaluev 2 D k suchthatthe
valuesa, b, andv satisfytheconstraintsamongvariablesi , j , andk.

The sameidea behindAC2001/3.1applieshere.Speci®cally, in order to ®nd a
new supportfor each(a;b) 2 cij with respectto a variable,sayk, it is not neces-
saryto startfrom scratchevery time. We canstartfrom wherewe stoppedbefore.
Last(( i; a); (j; b); k) is usedto rememberthatpoint.

Thepathconsistency algorithm,whichwehavenamedPC2001/3.1,partiallymoti-
vatedby thealgorithmin [9], is shown in Fig 5. It includestwo parts:initialization
(INITIALIZE( Q)) andpropagation (the while loop on Q). During the initializa-
tion, a ®rst supportis searchedfor eachpair of values(( i; a); (j; b)) on eachthird
variablek. Thissupportis storedin Last(( i; a); (j; b); k). Whena tuple(a;b) is re-
movedfrom cij , weenqueue(( i; a); j ) and(( j; b); i ) into Q. Later, when(( i; a); k)

13



is poppedfrom Q, REVISE PATH((i; a); k; Q) (in Fig 6) will checkevery con-
straintcij wherej 2 N � f i; kg to seeif any tuple in cij is affectedby themodi-
®cationof cik . For eachconstraintcij , REVISE PATH triesto ®nd in Dk a support
not from scratchbut from its supportin thepreviousrevision (line 1 andline 2 in
Fig 6) for only thosetuplesstartingwith a.

algorithm PC2001/3.1
begin

INITIALIZE( Q)
while Q notemptydo

Selectanddeleteany (( i; a); j ) from Q
REVISE PATH((i; a); j; Q))

endwhile
end

procedure INITIALIZE( Q)
begin

for any i; j; k 2 N do
for any a 2 D i ; b 2 D j suchthat(a;b) 2 cij do

if thereis nov 2 Dk suchthat(a;v) 2 cik ^ (v; b) 2 ckj

then
cij (a;b)  false; cj i (b;a)  false
Q  Q [ f (i; a); j g [ f (j; b); ig

else
Let v 2 Dk bethe®rst valuesatisfying

(a;v) 2 cik ^ (v; b) 2 ckj

Last((i; a); (j; b); k)  v
end

Fig. 5. Algorithm to enforcepathconsistency

For thisalgorithm,wehave thefollowing result.

Theorem 4 The time complexity of the algorithm PC2001/3.1is O(n3d3) with
spacecomplexity O(n3d2).

Proof. Thecomplexity of thealgorithmPCdependsontheprocedureREVISE PATH
whosesecondloop is to ®nd a supportfor the tuple (( i; a); (j; b)) with respectto
k. The while loop in line 2 (Fig 6) either takesconstanttime if the condition is
not satis®ed(thesupportstoredin Last is still valid), or skipsvaluesin Dk other-
wise.For thesecondcase,no matterhow many timeswe try to ®nd a supportfor
(( i; a); (j; b)) , atmostweskipd valuessincetotally wehaveonly d valuesin D k .

We know thatit is necessaryto ®nd a supportfor (( i; a); (j; b)) with respectto k if
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procedure REVISE PATH( (i; a); k; Q)
begin

for any j 2 N; j 6= i; j 6= k do
for any b2 D j suchthat(a;b) 2 cij do

1. v  Last((i; a); (j; b); k)
2. while (v 6= N I L) ^ ((a;v) =2 cik _ (v; b) =2 ckj ) do

v  succ(v; Dk )
if v = N I L then

cij (a;b)  false; cj i (b;a)  false
Q  Q [ f (( i; a); j g [ f (( j; b); i )g

elseLast((i; a); (j; b); k))  v
endfor

end

Fig. 6. Revision procedurefor PCalgorithm

andonly if sometuple(a;v) is removedfrom cik . Soweneedto ®ndsuchasupport
d times.From®rst paragraph,for thesed timeswe have at mostd constantchecks
andd skipsin total.As aresult,to ®nd asupportfor (( i; a); (j; b)) with respectto k
we need2d steps.Giventhat i; j; k canbeany variablefrom N anda;b any value
from D i andD j respectively, wehaven3d2 possible(( i; a); (j; b)) 'sandk's.Hence,
thetotal time costis n3d2 � 2d, thatis O(n3d3).

Themainworking spaceis for thestructureLast(( i; a); (j; b); k). Thesizeof this
structureis the numberof combinationsof possiblechoicesfor i; j; k; a;b, that is
O(n3d2). 2

ThePC2001/3.1hastimecomplexity of O(n3d3) andspacecomplexity of O(n3d2)
which is thesameboundsasthebestknown resultsobtainedin [18]. Thealgorithm
in [18] employs a supportedlist for eachvalueof a variableandpropagatesthe
removal of valuesin a fashionof AC-6. Comparedwith the supportedlist, the
structureLast(( i; a); (j; b); k) is easierto maintain.This makes the PC2001/3.1
algorithmbothsimplerto understandandto implement.

5.2 Non-binaryConstraints

AC2001/3.1canbeextendedto GAC2001/3.1to dealwith non-binaryconstraints.
The de®nition of arc consistency for non binary constraintsis a direct extension
of thebinaryone[19; 5]. Let usdenoteby var(cj ) = (x j 1 ; : : : ; x j q ) thesequence
of variablesinvolved in a constraintcj , by rel(cj ) thesetof tuplesallowedby cj ,
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andby D var (cj )
jx i = a the setof the tuples� in D j 1 � � � � � D j q with � [x i ] = a (where

i 2 f j 1; ::; j qg). A tuple � in D var (cj )
jx i = a \ r el(cj ) is calleda supportfor (x i ; a) on

cj . The constraintcj is arc consistent(alsocalledgeneralizedarc consistent, or
GAC) iff for any variablex i in var(cj ), every value a 2 D i hasa supporton
cj . Tuplesin a constraintcj are totally orderedwith respectto the lexicographic
orderingobtainedby combiningtheordering< d of eachdomainwith theordering
of the sequencevar(cj ) (or with respectto any total orderusedwhensearching
for support).Oncethis orderingis de®ned,a call to REVISE2001/3.1(xi ; cj ) (see
Fig. 7) checksfor eacha 2 D i whetherLast((x i ; a); cj ), which is the smallest
supportfoundpreviously for (x i ; a), still belongsto D var (cj ) . If not, it looks for a
new supportfor a on cj . If sucha support� exists,it is storedasLast((x i ; a); cj ),
otherwisea is removedfrom D i . Thefunctionsucc(� ; D var (cj )

jx i = a ) returnsthesmallest

tuplein D var (cj )
jx i = a greaterthan� .

procedure REVISE2001/3.1(x i ; cj )
begin

DELETE false
for eacha 2 D i do

�  Last((x i ; a); cj )
if 9k=� [x j k ] 62D j k then

�  succ(� ; D var (cj )
jx i = a )

while (� 6= N I L) and (: cj (� )) do
�  succ(� ; D var (cj )

jx i = a )
if � 6= N I L then

Last((x i ; a); cj )  �
else

deletea from D i

DELETE true
return DELETE

end

Fig. 7. ProcedureREVISEfor GAC2001/3.1

In Fig. 8, we presenta versionof the main algorithmbasedon the oneproposed
in [19]. It is a bruteforcepropagationschemathatdoesnot take into accountthe
factthatin practicesomeof theconstraintsmayhaveadhocpropagators.Thusthe
algorithmmay have to be adapteddependingon the architectureof the solver in
which it is used.Standardtechniquesaredescribedin [20; 21].

Complexity. The worst-casetime complexity of GAC2001/3.1dependson the
arity of theconstraintsinvolvedin theconstraintnetwork. Thegreaterthenumber

16



algorithm GACX
begin

Q  f (x i ; cj ) j cj 2 C; x i 2 var(cj )g
while Q notemptydo

selectanddeleteany pair (x i ; cj ) from Q
if REVISEX (x i ; cj ) then

Q  Q [ f (xk ; cm ) j cm 2 C; x i ; xk 2 var(cm ); m 6= j; i 6= kg
end

Fig. 8. A nonbinaryversionof coarse-grainedarcconsistency algorithm

of variablesinvolvedin a constraint,thehigherthecostto propagateit. Let us®rst
limit our analysisto thecostof enforcingGAC on a singleconstraint,cj , of arity
r = jvar(cj )j. For eachvariablex i 2 var(cj ), for eachvaluea 2 D i , we look
for supportsin thespaceD var (cj )

jx i = a , which cancontainup to dr � 1 tuples.If thecost
of constraintchecks4 is in O(r ) this givesa costin O(rdr � 1) for checkingviabil-
ity of a value.Sincewe have to ®nd supportfor rd values,the costof enforcing
GAC on cj is in O(r 2dr ). If we enforceGAC on the whole constraintnetwork,
valuescanbe prunedby otherconstraints,andeachtime a valueis prunedfrom
thedomainof a variableinvolvedin cj , we have to revisecj . So,cj canberevised
up to rd times.Fortunately, additionalcalls to REVISE2001/3.1do not increase
its complexity since,asin thebinarycase,Last((x i ; a); cj ) ensuresthatthesearch
for supportfor (x i ; a) on cj will never checktwice thesametuple.Therefore,in a
network involving constraintsof arity boundedby r , the total time complexity of
GAC2001/3.1is in O(er2dr ).

6 RelatedWork and Discussion

Many arcconsistency algorithmshavebeendesignedsincethebirth of the®rstsuch
algorithm.In this sectionwe presenta systematicway to view thesealgorithms
includingAC-3,AC-4,AC-6 , AC-7 andAC2001/3.1.We alsopresentananalysis
of theperformanceof thesealgorithms,especiallyAC2001/3.1andAC-6.

4 Thecostof aconstraintcheckis sometimesconsideredasconstanttimewhile it is natural
to assumeits costbelinearto its arity.
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6.1 A Classi�cationandComparisonof AC algorithms

Arc consistency algorithmscanbeclassi®edby their methodsof propagation.So
far, two approachesareemployed in known ef®cient algorithms:arcorientedand
valueoriented.Arc orientedpropagationoriginatesfrom AC-1 andits underlying
computationmodelis theconstraintgraphwherewehave only variablesandtopo-
logical relationshipbetweenvariablesderivedfrom constraints.

De�nition 3 Theconstraintgraphof a constraint network(N; D; C) is thegraph
G = (V; E) whereV = N andE = f (i; j ) j 9cij 2 C g.

Valueorientedpropagation originatesfrom AC-4 andits underlyingcomputation
modelis thevaluebasedconstraintgraphwhereeachconstraintis alsorepresented
asa (sub)graph.For example,the graphin Fig 4 is a valuebasedgraphwherea
vertex is avalueandanedgeis anallowedtupleby thecorrespondingconstraint.

De�nition 4 Thevaluebasedconstraintgraphof a constraint network(N; D; C)
is G = (V; E) where V = f (i; a) j x i 2 N; a 2 D i g andE = f (( i; a); (j; b)) j a 2
D i ; b 2 D j ; cij 2 C; (a;b) 2 cij g.

Thevaluebasedconstraintgraphis alsoknown underthenamesconsistencygraph
or microstructure. A morespeci®cnamefor the traditionalconstraintgraphmay
be variable basedconstraint graph. The key idea of value orientedpropagation
is that oncea valueis removed only the viability of thosevaluesdependingon it
will bechecked.Thusit is more®ne-grainedthanarcorientedpropagation.Algo-
rithms working with variableandvaluebasedconstraintgraphscanbe classi®ed
respectively ascoarse-grainedalgorithmsand®ne-grainedalgorithms.

An immediateobservation is that comparedwith variablebasedconstraintgraph,
the time complexity analysisin value basedconstraintgraphis straightforward.
Thatis, thetotal numberof operationsduringtheexecutionof a ®ne-grainedalgo-
rithm will beof thesameorderasthenumberof edgesin thevaluebasedconstraint
graph:O(ed2). As far aswe know, Perlin[22] is the®rst to make valuebasedcon-
straintgraphexplicit in arcconsistency enforcingalgorithm.

Givena computationmodelof propagation,thealgorithmsdiffer in theimplemen-
tationdetails.Undervariablebasedconstraintgraph,AC-3[3] canbethoughtof as
anopenalgorithm,assuggestedby ournotationACX . Its timecomplexity analysis
in [8] canberegardedasa realizedimplementationwherea very intuitive revision
procedureis employed.Thenew algorithmAC2001/3.1presentedin thispaperuses
a new implementationof therevision procedure,leadingto theoptimalworstcase
time complexity. Our new approachsimply remembersthesupportobtainedin the
previous revision of an arc while in the old one,the choiceis to be lazy, forget-
ting previous computation.Therearealsosomeapproachesto improve the space
complexity of AC-3 in [4; 9].
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For valuebasedconstraintgraphs,AC-4 is the®rst AC implementationandAC-6
is a lazy versionof AC-4.AC-7 exploits thebidirectionalityon thebasisof AC-6.
Bidirectionalitystatesthatgivenany cij ; cj i , andany a 2 D i ; b2 D j , (a;b) 2 cij if
andonly if (b;a) 2 cj i .

Anotherobservationis thatthegeneralpropertiesor knowledgeof aconstraintnet-
work canbe isolatedfrom a speci®carc consistency enforcingalgorithm.In fact
theideaof metaknowledge [7] canbeappliedto algorithmsfor eithercomputation
model.For example,to save thenumberof constraintchecks,the bidirectionality
canbeemployedalsoin coarse-grainedalgorithm,e.g.,in [23; 24]. Otherpropaga-
tion heuristics[25] suchaspropagatingdeletion®rst [7] arealsoapplicableto the
algorithmsof bothmodels.

WehavedelineatedtheAC algorithmswhichshowsthatAC2001/3.1andAC-6are
methodologicallydifferent.Fromatechnicalperspective,thetimecomplexity anal-
ysisof AC2001/3.1is differentfrom thatof AC-6 wheretheworstcasetime com-
plexity analysisis straightforward.Thepointof commonalitybetweenAC2001/3.1
andAC-6is thatthey facethesameproblem:thedomainmayshrinkduringthepro-
cessof arcconsistency enforcingandthustherecordedsupportmaynotbevalid in
thefuture.Thismakessomeportionsof theimplementationof AC2001/3.1similar
to AC-6. We remarkthat theproof techniquein thetraditionalview of AC-3 does
notdirectly leadto AC2001/3.1andits complexity results.

6.2 Analysisof thePerformanceof AC Algorithms

The time complexity of AC-3 is in O(ed3) while that of AC-4, AC-6, AC-7 and
AC2001/3.1is in O(ed2). As for spacecomplexity, AC-3 usesaslittle asO(e) for
its queue,AC-4hasacomplexity of O(ed2), andAC2001/3.1,AC-6andAC-7have
O(ed). Whendealingwith non-binaryconstraints,GAC3 [19] hasa O(er3dr +1 )
timecomplexity, GAC2001/3.1is in O(er2dr ), while GAC4[26] andGAC-schema
[27] arein O(erdr ). GAC4 is a factorr betterthanGAC2001/3.1becauseit com-
putesthe dr possibleconstraintcheckson a constraintonceandfor all at the be-
ginning,storingtheinformationin lists of supportedvalues.For GAC-schema,the
reasonis that the useof multidirectionality (i.e., bidirectionality for non-binary
constraints)preventsit from checkinga tupleoncefor eachvaluecomposingit.

AC-4 doesnot performwell in practice[10; 7] becauseit reachesthe worst case
complexity both theoreticallyandin actualprobleminstanceswhenconstructing
thevaluebasedconstraintgraphfor the instance.Otheralgorithmslike AC-3 and
AC-6 cantake advantageof someinstanceswheretheworstcasedoesn't occur. In
practice,botharti®cial andreallife problemsrarelymakealgorithmsbehave in the
worstcaseexceptfor AC-4.5

5 However, thevaluebasedconstraintgraphinducedfrom AC-4providesaconvenientand
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Thenumberof constraintchecksis alsousedto evaluatepracticaltime ef®ciency
of AC algorithms.In theory, applyingbidirectionalityto all algorithmswill result
in betterperformancesinceit decreasesthenumberof constraintchecks.However,
if thecostof constraintchecksis cheap,theoverheadof usingbidirectionalitymay
notbecompensatedby its savingsasdemonstratedby [7].

AC-6 andAC2001/3.1have thesameworst-casetime andspacecomplexities.So,
aninterestingquestionhereis “What arethedifferencesbetweenAC2001/3.1and
AC-6 in termsof constraintchecks?”.

Let us®rst brie�y recall theAC-6 behavior [11]. AC-6 looks for onesupport(the
�r stoneor smallestonewith respectto theordering< d) for eachvalue(x i ; a) with
respectto eachconstraintcij to prove that a is currentlyviable. When(x j ; b) is
foundasthesmallestsupportfor (x i ; a) wrt cij , (x i ; a) is addedto S[x j ; b], thelist
of valuescurrentlyhaving (x j ; b) as their smallestsupport.If (x j ; b) is removed
from D j , it is addedto theDeletionSet, which is thestreamdriving propagations
in AC-6. When(x j ; b) is picked from the DeletionSet, AC-6 looks for the next
support,greaterthanb, in D j for eachvalue(x i ; a) in S[x j ; b].

To allow a closercomparison,we will supposein the following that the S[x i ; a]
lists usedin AC-6 aresplit with respectto eachconstraintcij involving x i , leading
to astructureS[x i ; a;x j ], asin AC-7.

Property 1 Givena constraint network(N; D; C). If wesupposeAC2001/3.1and
AC-6 follow thesameorderingof variablesandvalueswhenlookingfor supports
and propagating deletions,then,enforcing arc consistencyon the networkwith
AC2001/3.1performsthesameconstraint checksaswith AC-6.

Proof. Sincethey follow the sameordering,both algorithmsperform the same
constraintchecksin theinitializationphase:they stopsearchfor supportfor avalue
(x i ; a) on cij as soonas the ®rst b 2 Dj compatiblewith a is found, or when
D j is exhausted(thenremoving a from D i ). During the propagation phase,both
algorithmslook for a new supportfor a value(x i ; a) with respectto cij only when
a valueb removedfrom D j wasthecurrentsupportfor a (i.e., a 2 S[x j ; b;x i ] for
AC-6,andb= Last((x i ; a); x j ) for AC2001/3.1).Bothalgorithmssearchin D j for
a new supportfor a immediatelygreaterthanb. Thus,they will ®nd thesamenew
supportfor a with respectto cij , or will remove a, at thesametime, andwith the
sameconstraintchecks.And soon.2

Fromproperty1, weseethatthedifferencebetweenAC2001/3.1andAC-6cannot
be characterizedby the numberof constraintchecksthey perform.We will then
focuson the way they ®nd which valuesshouldlook for a new support.For that,

accuratetool for studyingarcconsistency.
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Fig. 9. Theconstraintexample

bothalgorithmshandletheirspeci®cdatastructure.Let uscharacterizethenumber
of timeseachof themchecksits own datastructurewhena set�( x j ) of deletions
from D j is propagatedwith respectto agivenconstraintcij .

Property 2 Letcij bea constraint in a constraint network(N; D; C). Let �( x j ) be
a setof valuesremovedfromD j thathaveto bepropagatedwith respectto cij . If,

� dA = j�( x j )j +
P

b2 �( x j ) jS[x j ; b;x i ]j,
� dB = jD i j, and
� dC = # constraint checksperformedoncij to propagate�( x j ),

then,dA + dC anddB + dC representthenumberofoperationsAC-6andAC2001/3.1
will respectivelyperformto propagate�( x j ) oncij .

Proof. From property1 we know that AC-6 andAC2001/3.1performthe same
constraintchecks.Thedifferenceis in theprocessleadingto them.AC-6 traverses
theS[x j ; b;x i ] list for eachb2 �( x j ) (i.e.,dA operations),andAC2001/3.1checks
whetherLast((x i ; a); x j ) belongsto D j for every a in D i (i.e.,dB operations).2

Weillustratethisontheextremecasepresentedin Fig. 9. In thatexample,thethree
valuesof x i areall compatiblewith the®rst valuev0 of x j . In addition,(x i ; v1) is
compatiblewith all thevaluesof x j from v1 to v50, and(x i ; v2) with all thevalues
of x j from v51 to v100. Imaginethatfor somereason,thevaluev3 hasbeenremoved
from D i (i.e., �( x i ) = f v3g). This leadsto dA = 1, dB = 101, anddC = 0, which
is a casein which propagating with AC-6 is muchbetterthanwith AC2001/3.1,
even if noneof themneedsany constraintcheck.Indeed,AC-6 just checksthat
S[x i ; v3; x j ] is empty, 6 andstops.AC2001/3.1takesoneby onethe 101valuesb

6 The only value compatiblewith (x i ; v3) is (x j ; v0), which is currently supportedby
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of D j to checkthattheirLast((x j ; b); x i ) is not in �( x i ). Imaginenow thatinstead
of thevaluev3 of D i thesearethevaluesv1 to v100 of D j thathave beenremoved
(i.e., � j = f v1; : : : ; v100g). Now, dA = 100, dB = 3, anddC = 0. This meansthat
AC2001/3.1will clearlyoutperformAC-6. Indeed,AC-6will checkfor all the100
valuesb in �( x j ) that S[x j ; b;x i ] is empty, 7 while AC2001/3.1just checksthat
Last((x i ; a); x j ) is not in �( x j ) for every value(totally 3) a 2 D i .

Finally, giventhatbothvariableandvaluebasedconstraintgraphscanleadto worst
caseoptimal algorithms,we considertheir strengthon somespecialconstraints:
functional, monotonicand anti-functional.For more details,see[28] and [29].
Coarsegrainedalgorithmscanbe easilyadaptedto processmonotonicandanti-
monotonicconstraintsin atimecomplexity of O(ed) (e.g.,usingAC2001/3.1).Fine
grainedalgorithms(e.g.,AC-4 andAC-6) candealwith functionalconstraintsef-
®ciently with complexity O(ed). Weremarkthattheparticulardistanceconstraints
in RLFAP canbeenforcedto bearcconsistentin O(ed) by usinga coarse-grained
algorithm.It is dif®cult for coarse-grainedalgorithmto dealwith functionalcon-
straintsandtricky for ®negrainedalgorithmsto handlemonotonicconstraints.That
is why AC-5 [28] is introduced.In factAC-5usesbothgraphs.

By showing that coarse-grainedalgorithmscanbe madeworst caseoptimal, this
paperopensopportunitiesto constructnew ef®cient algorithmsthroughreexam-
ining in the context of coarse-grainedalgorithmsthosetechniques(e.g.,bidirec-
tionality andotherheuristicsor metaknowledge)mainly employedin ®ne-grained
algorithms.

Detailedexperimentsin [10] show the advantageof AC-3 over AC-4. Our work
complementsthis by providing a way to make coarse-grainedalgorithmsto be
worstcaseoptimal.

7 Conclusion

This paperpresentsAC2001/3.1,a coarse-grainedalgorithmthat improvesAC-3.
AC2001/3.1usesanadditionaldatastructure,theLast supports,which shouldbe
maintainedduringpropagation.This datastructurepermitsa signi®cantimprove-
mentonAC-3,anddecreasestheworstcasetimecomplexity to theoptimalO(ed2).
AC2001/3.1is the ®rst algorithmin the literatureachieving optimally arc consis-
tency while beingfreeof any listsof supportedvalues.While worstcasetimecom-
plexity givesus the upperboundon the time complexity, in practice,the running
timeandnumberof constraintchecksaretheprimeconsideration.Ourexperiments

(x i ; v1).
7 Indeed,(x j ; v0) is thecurrentsupportfor thethreevaluesin D i sinceit is thesmallestin
D j andit is compatiblewith everyvaluein D i .
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show thatAC2001/3.1signi®cantlyreducesthenumberof constraintchecksandthe
runningtime of AC-3 on hardarcconsistency problems.Furthermore,therunning
time of AC2001/3.1is competitive with the bestknown algorithms,basedon the
benchmarksfrom the experimentsin [7]. Its behavior is analysed,andcompared
to thatof AC-6,makinga contribution to theunderstandingof thedifferentAC al-
gorithms.Thepapershowshow thetechniqueusedin AC2001/3.1directlyapplies
to nonbinaryconstraints.In addition,this techniquecanalsobeusedto producea
new algorithmfor pathconsistency. We conjecturefrom theresultsof [9] that this
algorithmcangiveapracticalimplementationfor pathconsistency.
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