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Abstract

Theuseof constraintpropagtionis the mainfeatureof ary constraintsolver. It is thusof
prime importanceto managethe propagtionin an ef cient and effective fashion.There
aretwo classef propagtion algorithmsfor generalconstraints: ne-grainedalgorithms
wherethe removal of a valuefor a variablewill be propagtedto the correspondingal-
uesfor othervariables,and coarse-grainedlgorithmswherethe removal of a value will
be propa@tedto the relatedvariables.One big adwantageof coarse-grainedlgorithms,
like AC-3, over ne-grainedalgorithmslike AC-4,is the easeof integrationwhenimple-
mentinganalgorithmin a constraintsolver. However, ne-grainedalgorithmsusuallyhave
optimal worst casetime compleity while coarse-grainedlgorithmsdon't. For example,
AC-3is analgorithmwith non-optimalworst casecompleity althoughit is simple,ef -
cientin practice,andwidely used.In this paperwe proposea coarse-grainealgorithm,
AC2001/3.1thatis worst caseoptimal and preseresas muchas possiblethe easeof its
integrationinto a solver (no heavy datastructureto be maintainedduring search) Exper
imentalresultsshav that AC2001/3.1is competitive with the best ne-grainedalgorithms
suchasAC-6. Theideabehindthe newn algorithmcanimmediatelybe appliedto obtaina
pathconsisteng algorithmthat hasthe best-knevn time andspacecomplexity. The same
ideais thenextendedto non-binaryconstraints.
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1 Intr oduction

Constraintpropagtion is a basicoperationin constraintprogramminglt is now
well-recognizedhatits extensve useis necessarwhenwe wantto ef®ciently solve
hardconstraintsatishctionproblemsAll the constraintsolversusepropagtionas
abasicstep.Thus,eachimprovementto a constrainpropagtionalgorithmhasan
immediateeffect on the performanceof the constraintsolvingengine.In practical
applications,mary constraintsare of well-known typesfor which speci®calgo-
rithms are available. Thesealgorithmsgenerallyreceve a setof removed values
for oneof thevariablesnvolvedin the constraintandpropagtethesedeletionsto
theothervariablesof theconstraintThey areusuallyascheapasonecanexpectin
cputime. This stateof thingsimpliesthat mostof the existing solvingenginesare
basedon a constraint-orientegiropagtion schemgILOG Solver, CHOCO, etc.).
We call the algorithmsusingthis schemecoarse-gainedalgorithms.AC-3 [3; 4]
is a genericconstraintpropagtion algorithmwhich ®ts the bestthis propagtion
schemelts successors\C-4, AC-6,andAC-7,indeed werewritten with a value-
orientedpropagtionwherethe deletionof a valuein thedomainof a variablewill
be propagtedonly to the affectedvaluesin the domainsof othervariables Algo-
rithms usingthis propagtion arecalled ne-grainedalgorithmshere.The coarse-
grainedcharacteristic®f AC-3 explain why it is the algorithmwhich is usually
usedto propagtethoseconstraintdor which nothingspecialis known aboutthe
semanticgandthenfor which no speci®calgorithmis available).Whencompared
to AC-4, AC-6 or AC-7, this algorithmhasa secondstrongadwantage namely its
independencwith respecto speci®cdatastructurewhich shouldbe maintainedf
usedduringa searchprocedureThus,it haseaseof implementationFine-grained
algorithms,on the otherhand,have more complex implementationwith possibly
higheroverheadssthereis a needto maintainsomecomple datastructures.

Unfortunately the worst casetime compleity of AC-3is O(edf), wheree is the
numberof constraintsandd is the sizeof the maximumdomainin aproblem.Fine
grainedalgorithmson the otherhandenjoy optimalworstcasecompleity O(ed?)
[5]. The®ne-grainedalgorithmsarealsomoreef®cientwhenappliedto networks
wheremuchpropa@tionoccurg[6; 7] while AC-3is betterwhenthereis very little
propagtion.
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In this paperwe presentnew algorithm,AC2001/3.1whichis the®rstworstcase
optimalcoarse-grainedrcconsisteng algorithm.This resultis somavhatsurpris-
ing sincedueto the non-optimalityresultof AC-3[8] from 1985,it is widely held
thatonly ®ne-grainedalgorithmshave worstcaseoptimality. AC2001/3.1presees
thesimplicity of AC-3while improving on AC-3in ef®cieng bothin termsof con-
straintchecksandin termsof cputime. In our experiments AC2001/3.1leadsto
substantiabainsover AC-3 both on randomlygeneratedndreal-world instances
of problemsandcomparabldo AC-6, thefastest®ne-grainecalgorithm.

The ideabehindthe new algorithm can be appliedimmediatelyto obtaina new

simplepathconsisteng algorithm,PC2001/3.1which hasthesametime andspace
complity asthebestknown theoreticalesults We shav how to usethesameadea
for arcconsisteng on non-binaryconstraintaith anew algorithm,GAC2001/3.1.
We alsogive a detailedcomparisorof coarse-grainednd®ne-grainedalgorithms.

The paperis organizedasfollows. The preliminariesaregivenin section2 before
the presentatiorof AC2001/3.1andits complity analysisin section3. Section5

extendsthe ideato pathconsisteng andandgeneralisedrc consisteng. Experi-

mentalresultsto benchmarkinghe performancef the new algorithmwith respect
to AC-3andAC-6 areshownn in sectiond. We compareandcontrasimostpropag-

tion algorithmsin section6 beforeconcludingin section?.

2 Preliminaries

In this sectionwe give somebackgroundnaterialandnotationsusedherein.

De nition 1 A nite binary constraininetwork (N; D; C) consistf a nite setof

variablesN = fx;;X,;  ;X,g, asetofdomainsD = fD,;D,; ;D,g, whee
thedomainD; (i 2 1:n)is a nite setof valuesthat variable x; can take, and
a setof constaintsC = fc;; ;c.g, wher eadt constaint ¢, (k 2 1::e) is a

binary relation on two variables.A constaint on x; andx; is usuallydenotedoy

Gj . (a;b) 2 ¢;j meanghattheconstaintc; holdswhenx; = aandx; = b. For the

problemof interesthere, werequirethat8a;b a 2 Di;b2 Dj;(a;b) 2 ¢; if and

onlyif (b;a) 2 ¢;. Verifyingwhethera tuple(a;b) wheea 2 D; andb2 D;j isin

cj is calleda constrainicheck A solutionof a constaint networkis an assignment
of a valueto ead variablesud thatall constaintsin the networkare satis ed.

For simplicity, in theabove de®nitionwe consideronly binaryconstraintspmitting
theunaryconstrainbnary variable[3]. Withoutlossof generalitywe assumeéhere
is only oneconstraintetweereachpair of variables.

Throughouthis paper n denoteghe numberof variablesd the sizeof the largest
domain,ande the numberof constraintsn a constraintnetwork. (x;; a) denotesa



valuea 2 D;.

De nition 2 Givena constaint network(N; D; C), thesupportof a valuea 2 D
underg; isavalueb2 D; sudthat(a;b) 2 ¢; . Thevalueais viablewith respect
to ¢; if it hasa supportin D;. A constaint ¢; is consistenfrom X; to X;, thatis
alongthearc (x;; x; ), if andonly if everya 2 D; hasa supportin D;. A constaint
cj isarcconsistentf andonlyif it is consistenalongbotharcs(x;; x;) and(x; ; X;).
A constraint networkis arcconsistentf andonlyif everyconstaintin thenetwork
is arc consistent.

Fromthede®nition,we know thata constraininetwork is arcconsistentf andonly
if everyvalueis viablewith respecto every constraintonits variable.

Before presentingandanalyzingthe new algorithm,let usbrie y recallthe AC-3
algorithmwhich is givenin Fig. 1 asACX. The presentatiorfollows [3; 8] with
a slight changein notation,and nodeconsisteng removed. The nameof the al-
gorithm ACX is parameterizedhy X . For AC-3,the X is “-3” andthusthe pro-
cedureREVISEX is “REVISE-3". For the new algorithm,AC2001/3.1the X is
“2001/3.1"andthusthe procedureREVISEX is “REVISE2001/3.1".

algorithm ACX
begin
1. Q f(x;Xx)jg 2Corgi2C;i6jg
while Q notemptydo
selectanddeleteary arc(x;; X;) from Q
2. if REVISEX (Xi; X;) then
3. Q Q[ f(xx)jai2Ck6jg
end

Fig. 1. A schemdor coarse-grainedrcconsisteng algorithms

To enforcearc consisteng in a constraintnetwork, a key taskof AC-3is to check
the viability of a value with respectto ary relatedconstraint. REVISE-3;; X;)
in Fig 2 is to remove thosevaluesin D; without ary supportin D; underg; . If
ary valuein D; is remored whenrevising (Xi; X; ), all binary constraintgor arcs)
pointingto X;, exceptg;;, will berevised(line 2and3in Fig 1). A queueQ is used
to holdthesearcsfor laterprocessinglt canbe shown thatthisalgorithmis correct.

Proposition 1 ([3]) Applyingalgorithm AC-3to a constiaint networkmalesit arc
consistent.

Thetraditionalderivation of the complity of AC-3is givenby thefollowing the-
oremwhoseproof from [8] is modi®edin orderto facilitate the presentatiorin
Section3.



procedure REVISE-3;; X;)
begin
DELETE false
for eacha 2 D; do
1. if thereisnob?2 D; suchthatc; (a;b) then
deletea from D;
DELETE true
return DELETE
end

Fig. 2. ProcedurdREVISEfor AC-3

Theorem1 ([8]) Givenaconstaintnetwork(N; D; C), thetimecompleity of AC-
3is O(edP).

Proof. Eacharc(x;;X;) is revisedif andonly if it entersQ. Theobsenationis that
arc(x;; xj) entersQ if andonly if somevalueof D; is deleted(line 2-3in Fig 1).
So,arc(x;; x;) entersQ atmostd timesandthusis revisedd times.Giventhatthe
numberof arcsis 2e, REVISE;; X; ) is executedO (ed) times.The compleity of
REVISE;; X;) in Fig 2 is atmostd?. Hence theresultfollows. 2

The readeris referredto [3; 8] for more detailsand motivations concerningarc
consisteng.

Remark. In implementingthe queue,to reducethe numberof queueoperations,
oneway is simply enqueuehe variablewhosedomainhasshrunk,insteadof en-
gueueall relevantarcs.Whenwe dequeue variablefrom thequeuewe justrevise
all constraintgointingto this variable. The methodis alsocalledvariableoriented
propagtion.Thisideaappearedh [4] andin [9]. In this method for eachvariable,
one more constraintis revised thanin the original algorithm AC-3. However, it
seemdhatthe savings from enqueueperationsvell compensatethis costin our
experiments.

3 The NewAlgorithm

The worst casetime compleity of AC-3 is basedon a naive implementationof
line 1 in Fig. 2 in which b is always searchedrom scratch.However, from the
analysiswe know a constraint(x;; X;) may be revised mary times. The key idea
to improve the ef®cieng of the algorithmis thatwe needto ®nd from scratcha



supportfor avaluea 2 D; onlyin the r strevisionof thearc(x;; x;), andstorethe
supportin a structureLast((x;; a); X; ). Whencheckingthe viability of a 2 D; in
thesubsequenevisionsof thearc(x;; X; ), we only needo checkwhetherits stored
supportLast((x;; a); X;) is still in thedomainD; . If it wasremoved(becausef the
revision of otherconstraints)we would just have to explore the valuesin D; that
are“after” thesupportsinceits “predecessorshave alreadybeenchecled before.

Assumewithout lossof generalitythateachdomainD; is associateavith a total
ordering<q4. The function sucda; D; ), whereD; denoteghe currentdomainof
X; duringthe procedureof arc consisteng enforcing,returnsthe ®rst valuein D,

thatis aftera in accordancevith <4, or NI L, if no suchan elementexists. We
de®neN | L asavaluenotbelongingto any domainbut precedingary valuein ary
domain.

procedure REVISE2001/3.1X;; X;)
begin
DELETE false
for eacha 2 D; do
b Last(xi;a);x)

1. if b2 D; then
b succb;D;)
2. while (b6 NIL)and(: ¢; (a;b)) do
b sucdb;Dj)
if b6 NIL then

Last(x;;a);x;) b
else
deletea from D;
DELETE true
return DELETE
end

Fig. 3. ProcedurdREVISEfor AC2001/3.1

As a simpleexample,let the constraintc; bex; = X, with D; = D; = [1:11]
Theremoval of value1l from D; (say after the revision of somearcleaving x;)
leadsto arevision of (x;; x;). REVISE-3will look for a supportfor every valuein
D;, for atotalcostof 1+ 2+ :::+ 9+ 10+ 10= 65 constrainttheckswhereas
only (x;; 11) hadlostsupport.Thenew revision proceduranakessurethatfor each
a 2 [1::10] Last((xi;a); x;) still belongsto D;, and®ndsthatLast((%; 11); X;)
hasbeenremored. Looking for a new supportfor 11 doesnot needary constraint
checksinceD; doesnot containary valuegreaterthanLast((x;; 11); x;), which
wasequalto 11. It sares65 constrainicheckscomparedo AC-3.

The new algorithm,AC2001/3.1js the mainalgorithmACX augmentedvith the



initialization of Last((x;;a);x;) to be NIL for ary constraintc; andary value
a 2 D;. The correspondingevision procedureREVISE2001/3.1s givenin Fig.

3. In Fig. 3, line 1 checksif the supportin Last is still valid andotherwiseline 2

makesuseof thedomainorderingto ®nd the®rst supportaftertheold one.We now
shav thecorrectnessf AC2001/3.1.

Theorem 2 Applyingalgorithm AC2001/3.1to a constaint networkmalesit arc
consistent.

Proof. AC-3andAC2001/3.lhaveexactlythesamanitializationphasesxceptthat
AC2001/3.1storesLast((xi; @); Xj ), thesupportfoundfor eacha on eachg; . It is
suf®cientto shav that REVISE-3%; Xj) andREVISE2001/3.1x;; Xj) areequi-
alentgiventhatD; andD; arethe samewheneitherprocedures called.In other
words,avaluesis deletedby REVISE-3iff it is deletedoy REVISE2001/3.10b-
viously thereturnvaluewould alsobe the samefor both proceduresWithout loss
of generalitywe canassumehat REVISE-3visits the samevaluesasthe ordering
usedin <g.

Supposeavaluea is deletedby REVISE-3.Line 1 in REVISE-3tells usthata has
nosupportConsequentlyine 1in REVISE2001/3.1s alsotrueandthewhile loop
in line 2 will not®nd ary supportHencea will bedeleted.

Now considerREVISE2001/3.1deletinga valuea. Let b be the previous support,
Last((x;; a); x;). Sinceline 1 will betrue,bis notasupportfor a. Thewhile loop at
line 2 alsodoesnt ®nd for a any supportafterb. Now supposehereis a support§
suchthatl’ < 4 b. It mustalsobe a supportfor a in all the previous domainsof x; .
Hence Last(Xi;a); %) « B, which contradictsb = Last(x;; a); ;). Thus,a has
nosupportin D; andwill alsobedeletedoy REVISE-3.

Propositionl implies that AC2001/3.1achieves arc consisteng on a constraint
network. 2

Next, we shav thatAC2001/3.1hasoptimalworstcasetime complexity.

Theorem 3 Theworst casetime compleity of AC2001/3.1is O(ed?) with space
compleity O(ed).

Proof. Hereit is helpfulto regardthe executionof AC2001/3.1lonaninstanceof a
constrainnetwork asa sequencef callsto REVISE2001/3.1X;; x| ).

Considerthe total time spenton anarc (x;; X; ). Fromthe proofin Theoreml, the
arc(x;; x;) will berevisedat mostd times.



Inthel™(1 | d) revision of (x;;X;), lett, bethetime for searchinga support
foravaluea 2 D;.t| canbeconsideredsl if Last((Xi; a);X;) 2 D; (se€line 1in
Fig. 3) andotherwiseat is s; whichis simply thenumberof elementsn D; checled
afterLast((xi; a); Xj) andbeforethe next supportis found (the while loopin line
2). So,thetotal time of thealgorithmspentona 2 D; with respecto (X;; X;) is

xd xd xd
¥ 1+ S|
1 1 1

wheres; = 0if t; = 1. Obsere thatREVISE2001/3.1X;; X;) checksaneIement
in D; atmostoncewhenlooking for a supportfor a 2 D;. Therefore, dg d
whichresultsin = 9t,  2d.

To revise (X;; X; ), we needto ®nd a supportfor eachvalueof D;. For thereareup
to d valuesin D;, atmostO(d?) time will bespenton revisingthearc(x;; X;).

Hence,the compleity of AC2001/3.1is O(ecf) sincethe numberof arcsin the
constraintnetwork is 2e (oneconstraints regardedastwo arcs).

The spacecompleity of AC2001/3.1is boundedabove by the sizeof Q, andthe
structureLast. Q canbe of compleity in O(n) or O(e), dependingon the the
implementatiorof thequeue Thesizeof Last isin O(ed) sinceeachvaluea 2 D;
needsa spacein Last with respectto eachconstraintinvolving x;. This givesa
O(ed) overall spacecompleity. 2

4 Experimental Results:AC2001/3.1versusAC-3 and AC-6

We presentedC2001/3.1are®nemenbf AC-3with optimalworstcasetime com-
plexity. It remainsto seewhetherit is effective in saving constraintchecksand/or
cputime whencomparedo AC-3. As we saidpreviously, the goalis notto com-
petewith AC-6/AC-7, which have very subtledatastructurefor the propagtion
phaseHowever, we will seein the experimentalresultsthat AC2001/3.1is often
competitve with these®ne-grainedalgorithms.

Therehave beenmary experimentaktudieson the performancef generablrccon-
sisteny algorithms[10; 11; 7]. Here,we take problemsusedin [7], namelysome
randomCSPsandRadioLink Frequeng AssignmentroblemgRLFAPS).Given
the experimentalresultsof [7], AC-6 is chosenas a representate of a state-of-
the-artalgorithm becauseof its good runtime performanceover the problemsof
concern.n addition,a new arti®cial problem,DOMINO, in the samevein asthe
problemin Fig.5in [12], is designedo studytheworstcaseperformancef AC-3.

Randomly generatedproblems. For the randominstanceswe useda model B
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Fig. 4. Thedominoproblem

generatof13]. The parameterarehN;D; C; Ti, whereN is the numberof vari-
ables,D the size of the domains,C the numberof constraintgthe densitypl is
equalto2C=N (N 1)), andT thenumberof forbiddentuplesperconstrainithe
tightness2 is equalto T=D?). We usedthe generatomvailablein [14]. For each
classof problemstested,we ran the ®rst 50 instancegyeneratedising the initial
seedl964(asin [7]).

RLFAP. Theradiolink frequeng assignmenproblem(RLFAP) is to assignfre-
guenciego communicationinks to avoid interferencd15]. We usethe CELAR in-
stance®f RLFAP whicharereal-life problemsavailablein the FUllRLFAP archive
at ftp://ftp.cs.unh.edu/pub/csp/archive/code/benchmarks

DOMINO. Informally the DOMINO problemis an undirectedconstraintgraph
with n variablesanda cycle of constraintsThe domainof ary variablex; is D; =

f1,2;:::,dg. The constraintsare C = fc+1)j8i 2 1in  1g[ fcing where
¢, = f(d;d)g[ f(v;v+ 1)jv < dgis calledthe trigger constaint andthe other
constraintsn C areidentity relations.(Seethevaluebasedconstrainigraphin Fig.
4.) A DOMINO instancas thusfully characterizetdy thepairof parameterén; di.

Thetrigger constraintwill make onevalueinvalid duringarc consisteng andthat
valuewill triggerthedominoeffectonthevaluesof all domainsuntil eachdomain
hasonly onevalued left. So,eachrevision of anarcin coarse-grainedlgorithms
removesonevaluewhile ®ne-grainedalgorithmsonly do the necessaryork.

Somedetailsof ourimplementatiorof AC2001/3.1andAC-3:0 areasfollows. We

implementedlomainsandrelatedoperationdy double-linkedlists. The Q in AC-

3 is implementedas a queuewith a FIFO policy. For AC-6, we notedthat using
a single currently supportedist per valueis fasterthan using multiple lists with

respectto relatedconstraintsas neededfor AC-7. This may be one reasonwhy

AC-7 is slower than AC-6 in [7]. Our implementationof AC-6 adoptsa single
currently supportedist. The codeis written in C++ with g++. The experiments
arerunonaPCPentiumll 300MHzprocessowith Linux. Theperformancef arc

consisteng algorithmshereis measurealongtwo dimensionsrunningtime and
numberof constraintcheckg#ccks).

3 We thankthe Centred'Electroniquede 'Armement (France).



AC-3 AC2001/3.1 || Ac-6()

#ccks time #ccks time time
P 1 (underconstrained) 100,010 0.04 100,010 0.05 0.07
P 2 (over-constrained) 507,783 0.18| 487,029 0.16 0.10

P 3 (phasdransitionof AC) || 2,860,542 1.06 688,606 0.34 0.32
P 4 (phasdransitionof AC) || 4,925,403 1.78 || 1,147,084 0.61 0.66

SCEN#08arcinconsistent)|| 4,084,987 1.67 || 2,721,100 1.25 0.51
Tablel

Arc consisteng resultsin meannumberof constrainttheckg#ccks)andmeancputimein
secondgtime). (*) The numberof constrainichecksperformedoy AC-6 is similar to that
of AC2001/3.1asdiscussedn Section6.

4.1 Arc Consistencyasa Preprocessingstep

The ®rst setof experimentsshows the ef®ciengy of AC2001/3.1lwhenarc consis-
teng is usedfor preprocessingwithout search)ln this case the chanceto have
somepropagtionsis small on realinstancesAs such,we alsochooseproblems
falling in the phasedransitionof arcconsisteng (se€[16]). To seethedifferentbe-
haviours, we presentresultsfor randomlygeneratednstancewith differentchar
acteristicg(thosepresentedn [7]) andon a RLFAP instancewhereenforcingarc
consisteng wasnottrivial:

P1=h15Q 50; 500 1250, underconstrainedCSPswhereall generatedhstances
arealreadyarcconsistent;

P2=h150 50, 500 2350, overconstrainedCSPswhereall generatednstances
arearc inconsistentwhich meangthatthe instancesare not satis®ableandthis

canbedetectedy enforcingarcconsisteny;

P3=150 50; 500 2296 andP4=60; 50; 1225 2188, problemsn thephasdran-

sition of arcconsisteng;

the RLFAP instanceSCEN#08which s arcinconsistent.

Table 1 presentghe results.For the randomly generatednstancesthe number
of constraintcheck (#ccks)andtime are averagedover the 50 instancesn each
class.The underconstrained P1) and over-constrainedP2) problems.represent
caseswherethereis little or no propagtion neededto reachthe arc consistent
or arc inconsistentstate. This is the bestcasefor AC-3. The AC2001/3.1algo-
rithm still givescomparableuntimeswhichindicateghattheoverheadncurredby
AC2001/3.1is not signi®cantsincein P1thereareno saszingsin constraintchecks
andP2only savesabout4% of thechecks.

The P3instancesare sparseproblems(with a densityof 4.5%) at the phasetran-
sition of arc consisteng. The P4 instancesare denseproblems(with a complete

10



MAC-3 MAC2001/3.1 || MAC6

#ccks  time #ccks  time time
SCEN#01 5,026,208 2.33| 1,983,332 1.62 2.05
SCEN#11 || 77,885,671 39.50| 9,369,298 21.96| 14.69
GRAPH#09| 6,269,218 2.95| 2,127,598 1.99 241
GRAPH#10|| 6,790,702 3.04| 2,430,109 1.85 2.17
GRAPH#14| 5,503,326 2.53| 1,840,886 1.66| 1.90

Table2
Resultdor searctof the rst solutionwith aMAC algorithmin numberof constrainthecks
(#ccks)andcputimein secondgtime).

graph)alsoatthe phasedransitionof arcconsisteng. Usuallymuchpropagtionis

neededntheseproblemso make the network arcconsistent\We seethatherethe
runtimeof AC2001/3.1is signi®cantlyfasterthanAC-3 dueto large savzingsin the
numberof constraintchecks.

The ®nal experimentreportsthe resultsfor a real-life problem,SCEN#08.Here,
AC2001/3.1alsosavesa signi®cantamountof constrainichecksandis alsofaster

In orderto compareAC2001/3.10 AC-6, it is necessaryo ®rstunderstandhatthey
performthe samenumberof constraintchecks(seeSection6). Herethe runtimes
show thatfor mostof the problemsAC2001/3.1andAC-6 arecomparableandwe
will returnagainto this comparisorwith the DOMINO problem.

4.2 MaintainingArc Consistencyluring Seach

The secondsetof experimentswe presentn this sectionshaws the behaiour of
AC2001/3.1when arc consisteng is maintainedduring search(MAC algorithm
[17]) to ®nd the ®rst solution. We presentresultsfor all the instancescontained
in the FUllRLFAP archie for which morethan2 secondsvere neededo ®nd a
solutionor to prove thatnoneexists. It hasto be noticedthatthe original objectve
in thesanstancess to ®nd the“best” solutionundersomecriteria. Thisis of course
outof thescopeof this paper

Table 2 containsthe results.From theseinstancesve can seea signi®cantgain
for AC2001/3.1on AC-3, with up to 9 timeslessconstraintchecksandtwice less
cputime on SCEN#11 As for the experimentsperformedon randominstancesat
the phasetransitionof arc consisteny, this tendsto shav thatthetrick of storing
the Last datastructuresigni®cantly paysoff. In addition,we seethatin spite of
its simpledatastructuresAC2001/3.1is fasterthan AC-6 on all instancesxcept
thedif®cult SCEN#11Thereasonwhy AC-6 takesmoretime canbe explainedas

11



follows. Themaincontributionto the slow down of AC-6is themaintenancef the
currentlysupportedist for eachvalueof eachvariable.Our experimentsshawv that
theoverheadf maintainingthelist doesnotusuallycompensatéor the savings, at
leastunderthe assumptiorthatconstraintcheckingis cheap.

4.3 TheDOMINO Problem

The last setof experimentswe madeshaows the extremecasewherethe arc con-
sisteny processorvergesafter a long propagtion that removesall valuesin all
domainsbut thosebelongingto the uniquesolution. The DOMINO problemis de-
signedto exhibit this behaiour. Whatwe canexpectfrom sucha pathologicakase
is to shav us the deeppropertiesof non optimal coarse-grainedyptimal coarse-
grainedand®ne-grainedlgorithms.

Theresultsarein Table 3. We canseeclearly the effect of the non-optimalworst
casecomplity of AC-3. The numberof constraintchecksandcputime increase
dramaticallywith the size of the domains.As we alreadysav, AC2001/3.1and
AC-6 perform exactly the samenumberof constraintchecks.However, asin the
most dif®cult problemof Section4.2, the ®ne-grainedfeatureof AC-6 paysoff
with respecto AC2001/3.1especiallywhenthe domainsizeincreasesThis can
be explainedby theway AC2001/3.1and AC-6 propagtethe deletionsof values.
If we look morecloselyatthe operationgperformedby thesetwo algorithmswhen
a value (x;; b) is deleted,we note that they achieve optimality in two different
ways.For each(x;; @) suchthatx; sharesaconstraintwith x;, AC2001/3.1checks
Last((x;; a); X;) againstthedomainD; to know whether(x;; a) still hassupport
(seeline 1in Fig. 3). TheLast indicateswhereto startthe new searchfor support.
AC-6ontheotherhand maintaingor each(x; ; b) thelist of thevaluesa for x; with
Last((xi; a);%;) = b. Whenbis deletedrom D; , thanksto thesdlists of supported
values,AC-6 directly knows which valuesin D; needto seeka newv support,and
whereto startthenew search.

By countingthe numberof suchoperationshey perform (membershigestof a
Last in a domainfor AC2001/3.1andlist operationson supportedists for AC-
6) we obtainthe following interestinginformation.While they don't performary
suchtestsduring the initialization phasethe numberof teststhey performduring
the propagtionasshaown in Table4 differs quite signi®cantly As domainsizein-
creasegandthuspropagtionbecomesonger),thecostof AC2001/3.propagtion
increasegasterthanthatof AC-6.
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AC-3 AC2001/3.1 AC6

#ccks  time #ccks  time | time
h100Q 10i 319,964 0.19 155,009 0.13| 0.16
H500;, 100 90,845,149 25.70| 7,525,099 3.18| 2.66
h30Q, 300 || 1,390,485,449 381.25| 40,545,299 15.40| 12.16

Table3
Resultson the DOMINO problemin numberof constraintchecks(#ccks)andcputime in
secondgtime).

AC2001/3.1domainchecks| AC6 list checks
h100Q 10i 53,991 17,999
h60G0, 100 2,524,401 88,999
h30G, 300 13,544,401 179,399

Table4
Resultsonthe DOMINO problemin the numberof domainversudist checks

5 An Application to Path Consistencyand Non-binary Constraints

5.1 Path Consistency

Notation. In thissubsectionto simplify thepresentatiomvariablex; isrepresented
byitsindexi.

Assumethereis a constraintbetweenary pair of variablesin a given constraint
network (N; D; C). If it is not the case,we add a specialconstraintbetweenthe

unconstrainegairsof variablesThis constraintallows the constrainediariableso

take ary values.The network is path consistentf andonly if for ary ¢; 2 C, ary

tuple(a;b) 2 ¢; , andary variablek 2 N, thereexistsavaluev 2 Dy suchthatthe
valuesa, b, andv satisfythe constraintamongvariables, j , andk.

The sameidea behind AC2001/3.1applieshere. Speci®cally in orderto ®nd a
new supportfor each(a;b) 2 ¢; with respecto avariable,sayk, it is not neces-
saryto startfrom scratchevery time. We canstartfrom wherewe stoppedbefore.
Last((i; a); (j; b); k) is usedto remembethatpoint.

Thepathconsisteng algorithm,whichwe have namedPC2001/3.1partially moti-
vatedby thealgorithmin [9], is shavn in Fig 5. It includestwo parts:initialization
(INITIALIZE( Q)) and propagtion (the while loop on Q). During the initializa-
tion, a ®rst supportis searchedor eachpair of values((i; a); (j; b)) on eachthird
variablek. This supportis storedin Last((i; a); (j; b); k). Whenatuple(a;b) is re-
movedfrom ¢; , we enqueud(i; a);j ) and((j; b);1) into Q. Later, when((i; a); k)
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is poppedfrom Q, REVISE PATH((i; a); k; Q) (in Fig 6) will checkevery con-
straintc; wherej 2 N fi; kg to seeif ary tuplein ¢; is affectedby the modi-
®cationof g . For eachconstraintc; , REVISE PATH triesto ®nd in D, a support
not from scratchbut from its supportin the previousrevision (line 1 andline 2 in
Fig 6) for only thosetuplesstartingwith a.

algorithm PC2001/3.1
begin
INITIALIZE( Q)
while Q notemptydo
Selectanddeleteary ((i; a);j) from Q
REVISE PATH((i; a);j; Q))
endwhile
end
procedure INITIALIZE( Q)
begin
for aryi;j; k2 N do
for anya2 Di;b2 D; suchthat(a;b) 2 ¢; do
if thereisnov 2 Dy suchthat(a;v) 2 cx * (v;b) 2 ¢
then
Gj (a;b falsg gi(b;a) false
Q QI f(@i;a);jgl f(; big
else
Letv 2 Dy bethe®rstvaluesatisfying
(av) 2 ck * (v;b) 2 ¢y
Last(i; a); (j; b;k) v
end

Fig. 5. Algorithm to enforcepathconsisteng

For this algorithm,we have thefollowing result.

Theorem4 The time compleity of the algorithm PC2001/3.1is O(n3d®) with
spacecompleity O(n3d?).

Proof. Thecompleity of thealgorithmPCdepend®ntheprocedurdREVISE PATH
whosesecondoop is to ®nd a supportfor the tuple ((i; a); (j; b)) with respecto
k. The while loop in line 2 (Fig 6) eithertakes constanttime if the conditionis
not satis®ed(the supportstoredin Last is still valid), or skipsvaluesin Dy other
wise. For the secondcase no matterhow mary timeswe try to ®nd a supportfor
((i; @); (J; b)), atmostwe skip d valuessincetotally we have only d valuesin D .

We know thatit is necessaryo ®nd a supportfor ((i; a); (j; b)) with respecto k if
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procedure REVISE PATH( (i; a); k; Q)
begin
foraryj 2 N;j 6 i;] 6 kdo
forary b2 D; suchthat(a;b) 2 ¢; do
v Last(i; a);(j; b); k)
2. while (v6 NIL) "™ ((a;v) 2 ck _ (v;b) 2 ¢;) do
v sucqv;Dy)
if v=NIL then
cj (a;b) false ¢i(b;a) false
Q Q[ f((ia:jgl f((j; b;i)g
elseLast(i; a); (j; b);k)) v
endfor

=

end

Fig. 6. Revision procedurdor PCalgorithm

andonly if sometuple(a;v) isremovedfrom cy . Sowe needto ®nd sucha support
d times.From®rst paragraphfor thesed timeswe have at mostd constanthecks
andd skipsin total. As aresult,to ®nd a supportfor ((i; a); (j; b)) with respecto k

we need2d steps Giventhati; j; k canbeary variablefrom N anda;bary value

from D; andD; respectiely, we have n®d? possiblg((i; a); (j; b)'sandk's.Hence,

thetotal time costis n®d®>  2d, thatis O(n3d®).

The mainworking spaces for the structureLast((i; a); (j; b); k). Thesizeof this
structureis the numberof combinationsof possiblechoicesfor i; j; k; a;b, thatis
O(n3d?). 2

ThePC2001/3.hastime compleity of O(n3d®) andspacecompleity of O(n3d?)
whichis thesameboundsasthe bestknown resultsobtainedn [18]. Thealgorithm
in [18] emplgys a supportedist for eachvalue of a variableand propagtesthe
removal of valuesin a fashionof AC-6. Comparedwith the supportedist, the
structureLast((i; a); (j; b); k) is easierto maintain. This makesthe PC2001/3.1
algorithmbothsimplerto understanéndto implement.

5.2 Non-binaryConstaints

AC2001/3.1canbeextendedio GAC2001/3.1to dealwith non-binaryconstraints.
The de®nition of arc consisteng for non binary constraintds a direct extension

of variablesinvolvedin a constraintc;, by rel(c ) the setof tuplesallowedby ¢,
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var(cj)

andby D, the setof thetuples in Dj, Dj, with [xj] = a (where

Xi=a
i 2 fj1;::j40). A tuple in Djvx"?;(? \ rel(c) is calleda supportfor (x;;a) on
¢ . The constraintg is arc consistent(also called genewlized arc consistentor
GAC) iff for ary variablex; in var(c), every valuea 2 D; hasa supporton
G . Tuplesin a constraintc; aretotally orderedwith respectio the lexicographic
orderingobtainedoy combiningthe ordering< 4 of eachdomainwith the ordering
of the sequencevar(c;) (or with respectto ary total orderusedwhen searching
for support).Oncethis orderingis de®ned,a call to REVISE2001/3.0x; ¢;) (see
Fig. 7) checksfor eacha 2 D; whetherLast((x;;a); ¢;), which is the smallest
supportfound previously for (x;; a), still belongsto DV&'(%), If not, it looksfor a
new supportfor aong;. If suchasupport exists, it is storedasLast((Xi;a); G ),

otherwisea is removedfrom D;. Thefunctionsucg ; Djvxai‘r:(j )) returnsthesmallest
tuplein D;?3 greatetthan .

procedure REVISE2001/3.1X;; G;)
begin
DELETE false
for eacha 2 D; do
Last(xi;a);¢)
if 9k= [x;,] 62D;, then
sucg ;DY)
while ( 6 NIL)and(: ¢( ))do
sucg ;DY)
if 6 NIL then
Last(xi;a);G)
else
deletea from D;
DELETE true
return DELETE
end

Fig. 7. Procedurd&REVISEfor GAC2001/3.1

In Fig. 8, we presenta versionof the main algorithmbasedon the one proposed
in [19]. It is a bruteforce propagtion schemahat doesnot take into accountthe
factthatin practicesomeof the constraintgnay have ad hoc propa@tors.Thusthe
algorithmmay have to be adapteddependingon the architectureof the solver in
whichit is used.Standardechniquesredescribedn [20; 21].

Complexity. The worst-casdime complity of GAC2001/3.1dependson the
arity of the constraintsnvolvedin the constraininetwork. The greaterthe number
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algorithm GACX
begin
Q f(xi;g)ig 2Cix 2var(g)g
while Q notemptydo
selectanddeleteary pair (x;; ) from Q
if REVISEX (x;; ) then
Q QI f(Xk;&m)jcm 2 CiXi;Xk 2 var(cn);m 6 j; i 6 kg
end

Fig. 8. A nonbinaryversionof coarse-grainedrcconsisteng algorithm

of variablesnvolvedin a constraintthe higherthe costto propagteit. Let us®rst
limit our analysisto the costof enforcingGAC on a singleconstraintc;, of arity
r = jvar(cg)j. For eachvariablex; 2 var(c), for eachvaluea 2 D;, we look
for supportsn the spaceDjV;’i“z(;j ) which cancontainup to d” * tuples.If the cost
of constraintchecks' is in O(r) this givesa costin O(rd" 1) for checkingviabil-
ity of a value.Sincewe have to ®nd supportfor rd values,the costof enforcing
GAC on ¢ is in O(r2d"). If we enforceGAC on the whole constraintnetwork,
valuescanbe prunedby otherconstraintsand eachtime a valueis prunedfrom
the domainof avariableinvolvedin ¢;, we have to revisec; . So,¢ canberevised
up to rd times. Fortunately additionalcalls to REVISE2001/3.1do not increase
its compleity since,asin thebinarycaselast((X;; a); ¢ ) ensureshatthe search
for supportfor (x;; @) on¢c will never checktwice the sametuple. Thereforejn a
network involving constraintof arity boundedby r, the total time compleity of

GAC2001/3.1is in O(er?d).

6 RelatedWork and Discussion

Many arcconsisteng algorithmshave beendesignedincethebirth of the®rstsuch
algorithm. In this sectionwe presenta systematiowvay to view thesealgorithms
includingAC-3,AC-4,AC-6, AC-7andAC2001/3.1We alsopresentananalysis
of the performancef thesealgorithms especiallyAC2001/3.1andAC-6.

4 Thecostof aconstraintheckis sometimesonsidereésconstantimewhileit is natural
to assumets costbelinearto its arity.
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6.1 A Classi cationand Comparisorof AC algorithms

Arc consisteng algorithmscanbe classi®edby their methodsof propagtion. So
far, two approacheareemplo/edin known ef®cient algorithms:arc orientedand
valueoriented.Arc orientedpropagtion originatesfrom AC-1 andits underlying
computatiormodelis the constrainigraphwherewe have only variablesandtopo-
logical relationshipbetweernvariablesderivedfrom constraints.

De nition 3 Theconstraintgraphof a constaint network(N; D; C) is the graph
G= (V;E)wheeV =N andE=1(i;j)j9¢c 2 Cg.

Value orientedpropagtion originatesfrom AC-4 andits underlyingcomputation
modelis thevaluebasecconstraingraphwhereeachconstrainis alsorepresented
asa (sub)graphFor example,the graphin Fig 4 is a value basedgraphwherea
vertex is avalueandanedgeis anallowedtuple by the correspondingonstraint.

De nition 4 Thevaluebasedconstraintgraphof a constaint network(N; D; C)
isG = (V;E)wheeV =f(i;a)jx; 2 N;a2 DigandE=f((i;a);(j; b) ja2
Di;b2 Dj;q 2 Ci(ajb) 2 ¢ 0.

Thevaluebasedconstraingraphis alsoknown underthenamesconsistencgraph
or microstructue. A more speci®cnamefor the traditional constraintgraphmay
be variable basedconstrint graph The key ideaof value orientedpropagtion
is thatoncea valueis removed only the viability of thosevaluesdependingon it
will bechecled. Thusit is more®ne-grainedhanarc orientedpropagtion. Algo-
rithms working with variableand value basedconstraintgraphscanbe classi®ed
respectrely ascoarse-grainedlgorithmsand®ne-grainecalgorithms.

An immediateobsenationis that comparedwith variablebasedconstraintgraph,
the time compleity analysisin value basedconstraintgraphis straightforvard.
Thatis, thetotal numberof operationgluringthe executionof a ®ne-grainecalgo-
rithm will beof thesameorderasthenumberof edgesn thevaluebasedtonstraint
graph:O(ed?). As far aswe know, Perlin[22] is the ®rst to make valuebasedcon-
straintgraphexplicit in arcconsisteng enforcingalgorithm.

Givena computatiormodelof propagtion,the algorithmsdiffer in theimplemen-
tationdetails.Undervariablebasecdconstraingraph,AC-3[3] canbethoughtof as
anopenalgorithm,assuggestethy our notationACX . Its time complity analysis
in [8] canberegardedasa realizedimplementatiorwherea very intuitive revision

procedures employed.Thenew algorithmAC2001/3.IJpresentedh thispaperuses
anew implementatiorof therevision procedureleadingto the optimalworstcase
time compleity. Our new approactsimply remembershe supportobtainedn the

previous revision of anarc while in the old one, the choiceis to be lazy, forget-

ting previous computation.Thereare alsosomeapproache$o improve the space
complity of AC-3in [4; 9].
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For valuebasedconstraintgraphs AC-4 is the ®rst AC implementatiorand AC-6
is alazy versionof AC-4. AC-7 exploits the bidirectionalityon the basisof AC-6.
Bidirectionality stateghatgivenary ¢; ; i, andary a2 D;;b2 Dy, (a;b) 2 ¢; if
andonly if (b;a) 2 ;.

Anotherobsenationis thatthegeneralpropertiesor knowledgeof a constraininet-
work canbe isolatedfrom a speci®carc consisteng enforcingalgorithm.In fact
theideaof metaknowledg[7] canbe appliedto algorithmsfor eithercomputation
model.For example,to save the numberof constraintchecks the bidirectionality
canbeemplo/edalsoin coarse-grainedlgorithm,e.g.,in [23; 24]. Otherpropa@-
tion heuristicg25] suchaspropagtingdeletion®rst [7] arealsoapplicableto the
algorithmsof bothmodels.

We have delineated¢he AC algorithmswhich shavsthatAC2001/3.1andAC-6 are
methodologicallydifferent.Fromatechnicaperspectie, thetime compleity anal-
ysisof AC2001/3.1is differentfrom thatof AC-6 wherethe worstcasetime com-
plexity analysigs straightforvard. The pointof commonalitypetweerAC2001/3.1
andAC-6is thatthey facethesameproblem:thedomainmayshrinkduringthepro-
cessof arcconsistenyg enforcingandthustherecordedsupportmaynotbevalid in
thefuture. This makessomeportionsof theimplementatiorof AC2001/3.1similar
to AC-6. We remarkthatthe proof techniquen the traditionalview of AC-3 does
notdirectly leadto AC2001/3.1andits compleity results.

6.2 Analysisof the Performanceof AC Algorithms

The time compleity of AC-3is in O(ecP) while that of AC-4, AC-6, AC-7 and
AC2001/3.1is in O(ecf). As for spacecompleity, AC-3 usesaslittle asO(e) for
its queue AC-4 hasacompleity of O(ed?), andAC2001/3.1AC-6andAC-7 have
O(ed). Whendealingwith non-binaryconstraints GAC3 [19] hasa O(er3d'*!)
time compleity, GAC2001/3.1isin O(er?d"), while GAC4[26] andGAC-schema
[27] arein O(erd"). GAC4 is afactorr betterthanGAC2001/3.1becausét com-
putesthed" possibleconstraintcheckson a constraintonceandfor all at the be-
ginning, storingtheinformationin lists of supportedzalues.For GAC-schemathe
reasonis that the use of multidirectionality (i.e., bidirectionality for non-binary
constraintspreventsit from checkingatuple oncefor eachvaluecomposingt.

AC-4 doesnot performwell in practice[10; 7] becauset readesthe worstcase
complity boththeoreticallyandin actualprobleminstancesvhen constructing
the valuebasedconstraintgraphfor the instance Otheralgorithmslike AC-3 and
AC-6 cantake advantageof someinstancesvherethe worstcasedoesnt occut In
practice botharti®cial andreallife problemsarelymalke algorithmsbehae in the
worstcaseexceptfor AC-4.°

5 However, thevaluebasecdonstraingraphinducedfrom AC-4 providesa corvenientand
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The numberof constraintchecksis alsousedto evaluatepracticaltime ef®ciengy
of AC algorithms.In theory applyingbidirectionalityto all algorithmswill result
in betterperformancesinceit decreasethenumberof constrainchecks However,
if the costof constrainttheckss cheaptheoverheadf usingbidirectionalitymay
notbecompensatedy its savingsasdemonstratedy [7].

AC-6 andAC2001/3.1have the sameworst-casdime andspacecompleities. So,
aninterestingguestionhereis “What arethe differenceetweenrAC2001/3.1and
AC-6in termsof constraintchecks?”.

Let us®rstbrie y recallthe AC-6 behaior [11]. AC-6 looks for onesupport(the
r stoneor smallestonewith respecto theordering< 4) for eachvalue(x;; a) with
respectto eachconstraintc; to prove thata is currently viable. When (x;; b) is
foundasthe smallestsupportfor (x;; &) wrt ¢; , (X;; @) is addedto S[x;; b, thelist
of valuescurrently having (x;; b) astheir smallestsupport.If (x;;b) is removed
from Dj, it is addedto the D eletionSet, whichis the streamdriving propagtions
in AC-6. When(x;; b) is picked from the D eletionSet, AC-6 looks for the next
supportgreaterthanb, in D; for eachvalue(x;; a) in S[x;; b].

To allow a closercomparisonwe will supposén the following that the S[x;; a]
lists usedin AC-6 aresplit with respecto eachconstraintc; involving x;, leading
to astructureS[x;; a; x; ], asin AC-7.

Property 1 Givena constaint network(N; D; C). If we supposeAC2001/3.1and

AC-6 follow the sameordering of variablesand valueswhenlooking for supports
and propagating deletions,then, enfoicing arc consistencyon the network with

AC2001/3.Iperformsthe sameconstaint chedksaswith AC-6.

Proof. Sincethey follow the sameordering,both algorithmsperform the same
constraintheckdn theinitialization phasethey stopsearctor supportfor avalue
(xi;a) onc; assoonasthe®rstb 2 D, compatiblewith a is found, or when
D; is exhaustedthenremaving a from D;). During the propagtion phase both
algorithmslook for anew supportfor avalue(x;; a) with respecto ¢; only when
avaluebremovedfrom D; wasthe currentsupportfor a (i.e.,a 2 S[x;; b;x;] for
AC-6,andb= Last((x;;a);x;) for AC2001/3.1)Bothalgorithmssearchin D; for
anew supportfor a immediatelygreaterthanb. Thus,they will ®nd the samenew
supportfor a with respecto c; , or will remove a, atthe sametime, andwith the
sameconstraintchecks And soon. 2

Frompropertyl, we seethatthe differencebetweerAC2001/3.1andAC-6 cannot
be characterizedy the numberof constraintchecksthey perform.We will then
focuson the way they ®nd which valuesshouldlook for a new support.For that,

accurateool for studyingarcconsistenyg.
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Fig. 9. Theconstraintexample

bothalgorithmshandletheir speci®cdatastructure Let uscharacterizéhenumber
of timeseachof themchecksits own datastructurewhenaset ( x;) of deletions
from D; is propagtedwith respecto agivenconstraint; .

Property 2 Letc; beaconstaintin aconstaintnetwork(N;D; C). Let ( x;) be
a setof valuesremovedfromD; that haveto be propagatedwith respecto ¢; . If,

. . P . _
da = J( X)I+ w2 x) IS bxilj,
ds = jDij, and
dc = # constaint cheksperformedonc; to propagate ( X;),

then,da+ dc anddg + dc representhenumberof operationsAC-6andAC2001/3.1
will respectivelyperformto propagate ( X;) ong; .

Proof. From property1 we know that AC-6 and AC2001/3.1performthe same
constraintchecks.Thedifferenceis in the procesdeadingto them.AC-6 traverses
the S[x; ; b;x;] list for eachb2 ( X;) (i.e.,da operations)andAC2001/3.1checks
whetherLast((x;; a); x;) belongsto D; for everyain D; (i.e.,dz operations)2

We illustratethis ontheextremecasepresentedh Fig. 9. In thatexample thethree
valuesof x; areall compatiblewith the ®rst valuey, of x;. In addition,(x;; v1) is
compatiblewith all the valuesof x; from v; to vsg, and(x;; v2) with all thevalues
of x; fromvs; to vig0. Imaginethatfor somereasonthevaluevs hasbeenremoved
fromD; (i.e., ( Xj) = fvsg). Thisleadstod, = 1,ds = 101 anddc = O, which
is a casein which propagting with AC-6 is much betterthanwith AC2001/3.1,
evenif noneof themneedsary constraintcheck.Indeed,AC-6 just checksthat
S[xi; vs; X;] is empty® andstops.AC2001/3.1takesoneby onethe 101 valuesb

6 The only value compatiblewith (x;;Vvs) is (Xj ; Vo), which is currently supportedby
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of D; to checkthattheirLast((x;; b); x;) isnotin ( x;). Imaginenow thatinstead
of thevaluev; of D; thesearethevaluesv; to vio 0of D; thathave beenremoved
(i.e., j = fvq;ii1;vi000). Now, dy = 100 dg = 3, anddc = 0. This meanghat
AC2001/3.1will clearlyoutperformAC-6.Indeed AC-6 will checkfor all the 100
valuesbin ( x;) thatS[x;;b;x;] is empty’ while AC2001/3.1just checksthat
Last((xi; a);%;) isnotin ( x;) for everyvalue(totally 3)a 2 D;.

Finally, giventhatbothvariableandvaluebasedonstraingraphscanleadto worst
caseoptimal algorithms,we considertheir strengthon somespecialconstraints:
functional, monotonicand anti-functional. For more details, see[28] and [29].
Coarsegrainedalgorithmscan be easily adaptedo processmonotonicand anti-
monotoniconstraintsn atime compleity of O(ed) (e.g.,usingAC2001/3.1)Fine
grainedalgorithms(e.g.,AC-4 and AC-6) candealwith functionalconstraintsef-
®ciently with complity O(ed). We remarkthatthe particulardistanceconstraints
in RLFAP canbeenforcedo bearcconsistentn O(ed) by usinga coarse-grained
algorithm. It is dif®cult for coarse-grainedlgorithmto dealwith functionalcon-
straintsandtricky for ®negrainedalgorithmsto handlemonotonicconstraintsThat
iswhy AC-5[28] is introducedIn factAC-5usesbothgraphs.

By shawing that coarse-grainedlgorithmscanbe madeworst caseoptimal, this
paperopensopportunitiesto constructnen ef®cient algorithmsthroughreexam-
ining in the context of coarse-grainedlgorithmsthosetechniquede.g., bidirec-
tionality andotherheuristicsor metaknowledge)mainly employedin ®ne-grained
algorithms.

Detailedexperimentsin [10] shav the advantageof AC-3 over AC-4. Our work
complementshis by providing a way to make coarse-grainedlgorithmsto be
worstcaseoptimal.

7 Conclusion

This paperpresentsAC2001/3.1a coarse-grainedlgorithmthatimproves AC-3.
AC2001/3.1usesan additionaldatastructure the Last supportswhich shouldbe
maintainedduring propagtion. This datastructurepermitsa signi®cantimprove-
menton AC-3,anddecreasetheworstcasdaime compleity to theoptimalO(ed?).
AC2001/3.1is the ®rst algorithmin the literatureachiezing optimally arc consis-
teng/ while beingfreeof ary lists of supportedralues While worstcasetime com-
plexity givesusthe upperboundon the time compleity, in practice,the running
time andnumberof constrainthecksarethe primeconsiderationOur experiments

(Xi; V).
" Indeed X ; vo) is thecurrentsupportfor thethreevaluesin D; sinceit is thesmallestn
D; andit is compatiblewith every valuein D;.
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shav thatAC2001/3.Isigni®cantlyreduceshenumberof constrainthecksandthe
runningtime of AC-3 on hardarcconsisteng problems Furthermorethe running

time of AC2001/3.1is competitve with the bestknown algorithms,basedon the

benchmarkdrom the experimentsin [7]. Its behaior is analysedand compared
to thatof AC-6, makinga contritution to the understandingf the differentAC al-

gorithms.The papershavs how thetechniqueusedin AC2001/3.1directly applies
to nonbinary constraintsin addition,this techniquecanalsobe usedto producea

new algorithmfor pathconsisteng. We conjecturefrom the resultsof [9] thatthis

algorithmcangive a practicalimplementatiorfor pathconsisteng.
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