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Abstract. The tightness of a constraint refers to how restricted the
constraint is. The existing work shows that there exists a relationship
betweentightness and global consistency of a constraint network. In this
paper, we conduct a comprehensiwe study on this relationship. Under the
concept of k-consistency (k is number), we strengthen the existing results
by establishing that only someof the tightest, not all, binary constraints
are used to predict a number k such that strong k-consistency ensures
global consistency of an arbitrary constraint network which may include
non-binary constraints. More imp ortantly, we have shown a lower bound
of the number of the tightest constraints we haveto considerin predicting
the number k. To make better use of the tightness of constraints, we
propose a new type of consistency: dually adaptive consistency. Under
this concept, only the tightest directionally relevant constraint on ead
variable (and thusin total n 1 such constraints where n is the number
of variables) will be usedto predict the level of \consistency" ensuring
global consistency of a network.

1 Intro duction

Informally, the tightnessof a binary constraint is the maximum number of com-
patible valuesallowed for eat value of the constrained variables. For example,
let x;y 2 1::10 be two variables and considera constraint x = y. For any value
of x, the constraint allows at most 1 compatible value for y . The constraint
is also said 1-tight. An interesting discovery is that there is a closerelationship
betweenthe tightnessand the global consistencyof a constraint network. (When
we say a network is glokally consistent, we meanit is satis able.) For example, if
all the constraints in a binary network is 1-tight, path consistency(i.e., strongly
3-consistency)is su cien t to determine the global consistencyof the network.
If not all constraints are 1-tight, the existing method will use the least tight
constraint to determine the level of consistencysu cien t for global consistency
This level is higher (and thus more expensive) if the constraints are lesstight.
The main objective of this paper is to determine the level of consistencyby using
lessand tighter constraints. For example, by our results, if a constraint network
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with n variables has n 1-tight constraints on \correct” variables, a variation of
path consistencyis still able to ensureits global consistency

One of the rst interesting piecesof work related to the tightness of con-
straints is by Dedhter [2]. She obsenesthat the size of the largest domain in
a constraint network can be usedto predict a number k sud that strong k-
consistency[6] is su cien t to guarartee the global consistencyof the network.
Later, van Beek and Dedter [10] proposethe the concept of tightness. They
obsene that the least tight constraint in a network are also able to be usedto
predict a k. The k derived by tightnessis obviously lower than that derived by
the domain size becausethe tightness of a constraint is at most the size of the
domainsinvolved in the constraint.

Recerly, we proposeda concept of weakly m-tight constraint networks in
[11]. Using this concept, one can use the tightness of all binary constraints
(while ignoring the tightness of all other non-binary constraints) to predict the
k-consistencysu cien t for global consistency

In this paper, we rst study the potential of weak m-tightnessin reducing
the number of constraints neededto predict a number k sud that strong k-
consistencyon the network ensuresglobal consistency Someproperty of weakly
m-tight networks is preseried and we show that we can use a certain nhumber
(but not all) of the tightest binary constraints to make an predication of k.
Unexpectedly and importantly, we also nd that there exists a lower bound on
the number of constraints we have to usein a prediction under the concept of
weak m-tightness of a network.

The weak m-tightnessof a network grows from the concept of k-consistency
which requires the consistent extensibility of a valid instantiation of any k 1
variablesto any new variable. A weakly m-tight network assuresthat there is an
m-tight constraint involved when extending any instantiation to a new variable.
k-consistencyis so strong a property that it might restrict the role of tightness
in determining the global consistencyof a network.

We then study the impact of tightnesson global consistencyunder the con-
cept of directional k-consistency In directional k-consistency it is only necessary
to assurethe consistent extensibility of a valid instantiation to a new variable
which comesafter the instantiated variablesin terms of somevariable ordering.
This approad further reducesthe number of constraints required for a predic-
tion of a local level of consistency ensuring global consistency Howewer, the
reduction is still not very substartial.

We cortin ue the exploration by consideringadaptive consistency{ an elegarn
and natural extensionof directional consistency{ which is devisedwhen consid-
ering the topological structure of a constraint network. It needsan ordering of
variables and guararnteesthat for any variable, all constraints involving it and
its predecessorare \consistent” onit. It is obsenedthat to make the \relevant"
constraints consistert on a variable, the computation e ort is dependen on the
tightest constraint (which may or may not be binary) on the variable. This ob-
senation leadsto the conceptof dually adaptive consistencywhich assuregylobal



consistencybut requires\less" consistencyinside a network by making full use
of its topological structure and the tightnessof the constraints.

With dually adaptive consistency we are nally able to say that we only
needthe n 1, wheren is the number of variables, tightest constraints (in the
senseof taking the tightest \relevant" constraint on ead variable) to determine
the computational cost for achieving global consistency

2 Preliminaries

In this section, we review the basic conceptsand notations usedin this paper.

Constrain t Networks A constraint network consists of a set of variables
V = fXxi1;X2; ;Xng with a domain D; for ead variable x; 2 V, and a set of
constraints C = fcg,;Cs,; ;Cs.g Where S; is a subsetof V for all i : 1:n,
and ead constraint cs 2 C is a relation de ned on the domains of variables
in S. Given a constraint cs, S is also called the sope of cs. The arity of cs is
the number of variablesin S. If jSj is two, cs is binary and denoted by ¢; on
variables x; and x;. Throughout the paper, n denotesthe number of variables
in a network.

See[8,9] for more information on constraint networks.

Consisten t Instan tiation and Image An instantiation of a setof variables
Y = fx1; ;Xjgisdenotedby a= (a;; ;&) wherea 2 D; fori 2 1:j; and
it is consistent if it satis es all constraints involving only variablesin Y. For
b2 Dj, (a;b) denotesan instantiation of Y [ fx;g. Given a constraint cs and an
instantiation a of X fx;g(S X V) forany x; 2 S, u2 D; is a support
(with respectto cs) of aif (a;u) satis es cs; and the image of a on D; under cs
is the set of all its supports in Dj.

m-tigh tness and Prop er m-tigh tness [10,11] Given a number m, a con-
straint cs is m-tight on x; if and only if the imageof any instantiation of S fx;g
is of sizeat most m or the sizeof D;. If a constraint is m-tight on x, its tightness
on x is m. A constraint is m-tight if it is m-tight on ead of its variables.

A constraint cs is properly m-tight on x if and only if the image of any
instantiation of S fxg is of sizeup to m. A constraint is properly m-tight if
and only if it is properly m-tight on every variable in its scope.

Example The constraint in Fig. 1 is properly 3-tight becauseb; hasimage
fay; bp; c,g which is maximum among all imagesof all values here. Howewer in
deciding the m-tightness of the constraint, we ignore the image of b; because
it is equal to the domain of y. The image fby;cig (or fa;;bg) of a; (or ;) is
maximum and thus the constraint is 2-tight. 2

3 Tigh tness under k-consistency

We rst discussk-consistency weakly m-tight constraint networks and the ex-
isting results, and then present a detailed analysis of weakly m-tight networks.

Relevant Constrain ts A relevant constraint on a variable x with respect
to a set of variables Y is one whosescope consistsof only x and variables from



Fig. 1. A constraint betweenx and y. The domain of x is fa;; b;; c;g and the domain
of y faz;p;c2g. An allowed tuple by the constraint is drawn as an edge.

Y. In other words, it involves x, but does not involve any variable outside Y.
Ry (x) is usedto denote the set of relevant constraints on x wrt Y. When Y is
clear from the context, R(x), rather than Ry (x), will be used.

Example Considerthe network in Fig. 4. At this momernt, we do not assume
any ordering on the variables and just take it asa normal network. The relevant
constraints on x, with respect to fxj;X3zg are ¢;2 and cz,. Without a reference
set of variables, the relevant constraints of x, refer to those on it with respect
to all variables: ¢q», C32, and c4. 2

(Strong) k-consistency [6] A constraint network is k-consistentif and only
if for any consistent instantiation a of any distinct k 1 variables,and for any new
variable x;, there existsu 2 D; such that (a;u) is a consistent instantiation of the
k variables. A network is strongly k-consistent if and only if it is j -consistert for
allj k. A strongly n-consistent network where n is the numkber of constraints is
glokally consistent We uselocal consistencyin this sectionto denote (strongly)
k-consistencywith somek < n.

W eakly m-tigh t Constrain t Net works A constraint network is weakly m-
tight at level k i for every set of variablesY = fx;; ;Xxg and a new variable
X, there exists an m-tight relevant constraint on x wrt Y.

This de nition is simpler than the onegivenin [11] where every setY of size
k or greater than k is considered.The Proposition 1 below shaws that the two
de nitions are equivalert.

Remark The de nition needsthe assumptionthat given a network, there is
a universal constraint among any set of variables on which there is no explicit
constraint. A universal constraint on a set of variables allows any instantiation
of the variables. So, in this section, we needto keepin mind that there is a
constraint among any set of variables.

For a weakly tight network, there exists the following relationship between
local and global consistency

Theorem 1. [11]If for somem, a constraint network with constraints of arity
at mostr is strongly ((m+ 1)(r 1)+ 1)-consistent and weakly m-tight at level
((m+ 1)(r 1)+ 1), it is strongly n-consistent.

As we can seefrom the de nition, the weak m-tightness of a network does
not require usto considerthe tightnessof all constraints. What interestsus here



is how many constraints are neededto make a network weakly m-tight. In our
earlier work [11], we were not able to answer this question except to show a
su cien t condition that if all binary constraints (possibly including universal
constraints) of a network are m-tight, then it is weakly m-tight. In this section
we give somecharacterization of the weakly m-tight constraint networks.

We rst nd that there is a strong relationship amongdi erent levels of weak
tightnessin a network.

Prop osition 1. If a constraint network is weakly m-tight at level k for some
m, it is weakly m-tight at any levelj > k.

Pro of. For any j > k, we prove that the network is weakly tight at level j .
That is, for any setof variablesY = fx1; ;x;9(k j < n) and a new variable
X, we shaw that there exists an m-tight relevant constraint on x with respect to
Y. Sincethe network is weakly tight for k < j, there exists an m-tight relevant
constraint on x with respect to a subsetof Y. This constraint is still relevant on
X with respectto Y, and thus the one we look for. 2

In the following two results, we shov more su cien t conditions for a con-
straint network to be weakly m-tight.

Theorem 2. Given a constraint network (V;D;C), if for every x 2 V, there
are at leastn 2 binary m-tight constraints on it for somem, then the network
is weakly m-tight at level 3.

Pro of. For any two variables fx; yg, and a third variable z, the relevant
constraints on z with respectto fx; ygarec,, and cy,. Weknow that the number
of relevant binary constraints on z with respectto V isn 1.That n 2 of them
are m-tight meanseither ¢, or ¢,, must be m-tight. 2

In fact, for the weaknessat a higher level, we need fewer constraints to be
m-tight as shown by the following result.

Theorem 3. A constraint network (V;D; C) is weakly m-tight at level k if for
everyx 2 V, there are at leastn k + 1 m-tight binary constraints on it for
somem and k.

Pro of. For any setY of k 1 variables, and a new variable z, we show that
there is an m-tight relevant constraint on z with respectto Y. Otherwise, all the
k 1 binary constraints on z are not m-tight. Sincethe total number of relevant
constraints on z is n 1, the number of m-tight binary constraints on z is at
most (n 1) (k 1), which contradicts that z isinvolvedin n  k+ 1 m-tight
binary constraints. 2

This result shows that for a network of arbitrary constraints to be weakly
tight at level k, it could need as few as n(n  k + 1)=2 m-tight constraints,
in contrast to the result in [11] that all binary constraints are required to be
m-tight.

An immediate questionis what is the minimum number of m-tight constraints
required for a network to be weakly tight? The following result answers this
question on weak tightnessat level 3.



Theorem 4. For a constraint network to be weakly m-tight at level 3, it needs
at least

nin 1)=2 2bn=3c if n=0;1 (mod3)

or otherwise
(n 2)(3n 1)=6

m-tight binary or ternary constraints for somem.

Pro of. Given a network, its weak m-tightness at level 3 depends on the
tightnessof only binary and ternary constraints. Among all weakly m-tight (at
level 3) constraint networks with n variables, let the network (V;D;C) have a
minimum set M of m-tight binary or ternary constraints. Let B be the set of
binary constraints and T the set of ternary constraints in M.

In the following exposition, a constraint is denotedby its scope. For example,
we use fu;v;wg and fu;vg to denote ternary constraint ¢y .wg and binary
constraint ¢, respectively.

We rst prove that keepingthe total humber of constraints in M unchanged
and the underlying network weakly m-tight, we canchangeT and B, if necessary
such that for any constraint fu;v;wgin T, noneof the binary constraints f u; vg,
fv;wg, and fu;wg is m-tight.

1) At mostoneoffu;vg, fv;wg, andfu; wgis m-tight. Otherwise, at leasttwo
of them are m-tight, which meansfu;v;wg can be non-m-tight, corntradicting
the minimum assumption of M .

2) Assume fu;vg is m-tight. Since fu;v;wg is m-tight, there should be a
reasonfor fu;vg to be m-tight. The only reasonis that there exists another
variable z such that one of fu; zg and fv; zg is not m-tight and fu; v; zg is not
m-tight, too. SeeFig. 2. Let us say fu;zg is m-tight, then fv;zg has to be
non-m-tight. There must be an m-tight constraint fz;v; wg becausef v; zg and
fv;wg are not m-tight. Now we make the following transformation of T and B.
Remove from T constraints fu;v;wg and fz;v;wg, and add to B constraints
fz;vg and fv;wg, which meanswe replace the m-tight ternary constraints by
m-tight binary constraints. This transformation presenesthe number of m-tight
constraints.

Fig. 2. The circle represerts the m-tight ternary constraint f u; v;wg. An edgebetween
two variables indicates a binary constraint. A tick besidesan edgemeansit is m-tight
while a crossmeansit is not m-tight.



Next, we show that keepingthe number of constraints in M unchangedand
the underlying network weakly m-tight, we can change T and B, if necessary
such that any two ternary constraints do not shareany variables.

Casel: two constraints fu; v;wg and fu;v;zgin T sharetwo variablesf u; vg.
SeeFig. 3(a). For fw;ug and fu;zg are not m-tight, fw;u;zg hasto be m-
tight. For fw;vg and fv; zg are not m-tight, fw;v;zg hasto be m-tight. Again
we remove the four ternary constraints from T and add to B the four binary
constraints fw;ug, fu;zg, fz;vg and fv;wg. This transformation presenesthe
weak m-tightness of the network.

(b)

Fig. 3. A dotted ellipse together with the three variables inside it represerts a ternary
constraint. (a) Left: Two ternary constraints share two variables fu; vg. Right: The
ternary constraints have to be m-tight. (b) Left: Two ternary constraints share one
variable w. Right: The ternary constraints have to be m-tight.

Case2: two constraints fu; v;wg, and fw; x; yg share one variable w. Since
fu;wg and fw; xg are not m-tight, fu;w;xg has to be m-tight. Since fv;wg
and fw; yg are not m-tight, fv;w;yg hasto be m-tight. Similarly fu;w;yg and
fv,w;xg have to be m-tight. Now obviously if we make the four binary con-
straints f u; wg, fw; xg, fv;wg, and f w; yg m-tight while relaxing the six ternary
constraints to be non-m-tight, the new network is still weakly m-tight, but has
fewer m-tight constraints. This contradicts the minimality of M . Hence,case2
is not possible.

Therefore, the scopes of the ternary constraints in T are disjoint, and the
binary constraint betweenany two variables of a ternary constraint in T is not
m-tight.

Assume there are k constraints in T. Sinceit is dicult to count B, we
court the maximum number of non-m-tight binary constraints. We have 3k
non-m-tight binary constraints becauseof T. We should not have any non-m-
tight binary constraints betweena variable in T and a variable outside T. Let
V9 be the variables outside T. We have n 3k variables outside T. The other
non-m-tight constraints fall only betweenvariablesin V° Sincethere is no two
non-m-tight constraints on a single variable in V°, there are at most (n 3k)=2
non-m-tight constraints if n 3k is even,and at most (n 3k 1)=2 otherwise.
Sothe number of m-tight constraints in B and T would be



n(in 1)=2+ k 3k bn 3k)=2c
=n(n 1)=2 2k bn 3k)=2c:

We know that this should be minimized, and thus k should be maximized. If n
is a multiple of 3, the number of m-tight constraints isn(n  1)=2 2n=3;if n
is 1 more than a multiple of 3,the numberisn(n 1)=2 2(n 1)=3; otherwise
the numberis(n 1)(3n 1)=6.2

All theseresults will apply to weakly properly m-tight constraint networks.

Weakly Prop erly m-tigh t Constrain t Networks [11] A constraint net-
work is weakly properly m-tight at level k i for every set of variables Y =
fXx1; ;X;g and a new variable x, there exists a properly m-tight relevant con-
straint on x wrt Y.

The idea behind Proposition 1 is also applicable to this de nition. For com-
pletenesswe list the results on weak proper m-tightnessbelow.

Corollary 1. If a constraint network is weakly properly tight at level k, it is
weakly properly tight at any levelj > k.

Corollary 2. Given a constraint network (V;D;C), if for everyx 2 V, there
are at least n 2 binary properly m-tight constraints on it, then the network is
weakly properly m-tight at level 3.

Corollary 3. A constraint network (V;D; C) is weakly properly m-tight at level
k if for everyx 2 V, thereareat leastn k+ 1 properly m-tight binary constraints
on it.

Corollary 4. For a constraint network to be weakly properly m-tight at level 3,
it needs at least

nin 1)=2 2bn=3c if n=0;1 (mod3)

or otherwise
(n 2)(3n 1)=6

properly m-tight binary or ternary constraints.

From the discussionabove, under the concept of k-consistencywe can not
reduce the number of m-tight constraints required in a network by much to
predict the k-consistencyensuring global consistency

4 Tigh tness under directional consistency

We know that strong n-consistencyis stronger than we needto obtain the global
consistencyof a network in that it requiresany partially consister instantiation
extensibleto a solution. In fact, in many problems, even for those which needall
solutions, we can instantiate the variables one by one along a special ordering.
In orderto nd a solution without backtracking (i.e., e cien tly), it is sucient
to ensurethat a valid instantiation of a setof variablesis extensibleto a variable



after them. This is the idea behind directional consistencyproposedby Dechter
and Pearl [5]. In this section, we study tightnessunder directional consistency

Directional k-consistency and Directionally Relevant Constrain ts
A constraint network is directionally k-consistent with respect to a variable or-
dering if and only if every consistert instantiation of every k 1 variables can
be extendedto any new variable after them. A network is strongly directionally
k-consisten if it is directionally j-consisteri for all j k. It is easyto seea
strongly directionally n-consistent network is glokally consistent. A relevant con-
straint on x with respect to a set of variables Y, is directionally relevantif it
involves x and only variables before x. For example, for the network shown in
Fig. 4, ¢y, is the only directionally relevant constraint on variable x,. The other
two relevant constraints, cz> and ¢4, involve variables after x».

Accordingly, we have this relaxed version of weak tightness. which does not
require a constraint to be tight on each of its variables.

De nition 1. A constraint network is directionally weakly m-tight at level k

with respect to an order of variablesi for everysetof variablesY = fxi1; ;x;g(l:k..n-
1) and a new variable x , there existsan m-tight directionally relevantconstraint

on X.

Theorem 5. Given a network, let r be the maximum arity of its constraints.
If it is directionally weakly m-tight at level (m + 1)(r 1) + 1 and is strongly
directionally (m + 1)(r 1) + 1-consistent, then it is strongly directionally n-
consistent.

The proof is similar to that of Theorem 1.

Next we presert a su cien t condition for a network to be directionally weakly
m-tight.

Theorem 6. A network of arbitrary constraints is directionally weakly m-tight
at levelk with respect to a variable ordering if for all i > k, there are at leasti k
directionally relevant binary constraints which are m-tight on the iy, variable.

The proof is similar to that of Theorem 2. The total nhumber of (partially) m-
tight constraints neededis about 1+2+ +(n (k 1)) = (n k+2)(n k+1)=2.
In other words, for a network to be directionally weakly m-tight, we still needa
signi cant number of constraints ead of which is m-tight (on certain variables).

Again the results here apply to proper m-tightness

If a network is not directionally k-consisten, we can enforcedirectional con-
sistency on it. An algorithm to enforce directional consistencyis signi cantly
dierent from that for k-consistency There exists an ordering of variables on
which to enforcedirectional consistency{ the reverseof the given variable or-
dering { such that no iterativ e propagation is necessary This obsenation leads
to the concept of adaptive consistency under which a solution can be found
without badktracking.



5 Dually adaptiv e consistency

One main purposeof our characterization of weak tightness of a network is to
help identify a consistencycondition under which a solution of a network can be
found without badktracking (i.e., e cien tly).

The idea of adaptive consistency[5] is to enforceonly the necessaryiamount”
of directional consistencyon a network to ensureglobal consistency Speci cally,
for any variable x, we only needto be surethat a consistent instantiation of the
variablesin the directionally relevant constraints on x is consisterly extensible
to x. The variables outside its directionally relevant constraints do not play any
direct role on x and thus can be ignored.

The width of a variable with respect to a variable ordering is the number of
the directionally relevant constraints on it. SeeFig. 4 for an example.

Fig. 4. The variables fx1;X2; ;xsg are ordered according to their subscripts. For
example, x; is before x2. The width of x, is 1.

Example Using the network and variable ordering in Fig. 4, let us try to
gure out ideal conditions under which a solution canbe found by a badtracking
free seard. Assumethe domain of x; is not empty. Pick a value and assignit
to x;. If cy2 is directionally (arc) 2-consistent, the existenceof a value in x; is
ensured.If cy3 is directionally arc consistent, there is a value for x3 compatible to
the previous assignmeib. As for x4, if its three directionally relevant constraints
fCia; Coa; C340 \agree" on x4 (€.g., directionally 4-consistent on x4), there exists
a value for x4 to satisfy the constraints so far. Finally, if c;s and ¢;5 \agree"
on x5 ( e.g., directionally 3-consistent on xs), we get a solution for the whole
network.

From this example,we can seethat di erent levelsof consistencyon di erent
variables are su cien t to enable badktracking free seard. It is not necessaryto
have a uniform (e.g., directionally k-) consistencyeverywhere on a network to
enablea badktracking free seard.

Here it is also conveniert (for presenation and understanding) to use the
agreement of the directionally relevant constraints on a variable, which will be
formalized below.



De nition 2. Given a network, a variable ordering, and a variable x, let R(x)
be the set of directionally relevant constraints on x and S be the union of the
smpes of the constraints of R(x). The constraints of R(x) are consistert on x,
if and only if for any consistent instantiation a of S  fxg, there existsu 2 Dy
suchthat (a;u) satis es all the constraints in R(x).

Now we are able to de ne the adaptive consistencyof a network.

De nition 3. Given a constraint network and an ordering on its variables. It is
adaptively consistent if and only if for any variable x, its directionally relevant
constraints are consistent on x.

The adaptive consistencyis preseried as an algorithm in [5,4]. However, for
the purposeof this paper, we prefer a declarative characterization. It leadsto
the following consistencyresult.

Theorem 7. Given a constraint network and an ordering on its variables. It is
strongly directionally n-consistentif it is adaptively consistent.

It can be proved in the way asin the motivating example above.

When a network is not adaptively consistert, we can make the directionally
relevant constraints on ead variable { in the reverseof the variable ordering {
consistent. This is exactly the algorithm in [4, page 105].

Adaptiv e consistencyis not only more accurate in estimating the local con-
sistencysu cien t for global consistency but also makesintuitiv e the algorithms
to enforceconsistencyand to nd a solution.

With the knowledge of tightness of constraints preseried in the previous
sections,we know that for a network to be adaptively consisten, it is su cien t
to make sure that only some, not all, directionally relevant constraints on a
variable are consisten.

We de ne a network with this new tightness property.

De nition 4. Given a constraint network and an ordering of its variables. The
network is adaptively m-tight if and only if for any variable x, there exists an
m-tight directionally relevant constraint on it.

We have the following su cien t condition for such a network to be adaptively
consistert and thus globally consistert.

Theorem 8. Given a constraint network and an ordering of its variables, as-
sume the network is adaptively m-tight. The network is adaptively consistent
if

1) for any variable x whosewidth is not greater than m, the directionally
relevant constraints on it are consistent, and

2) for any variable x whosewidth is greater than m, every m + 1 of the
directionally relevant constraints on it are consistent.



We omit the proof which is similar to that of Theorem 9.

From this theorem and Theorem 7, we only needthe tightest (either binary
or non-binary) directionally relevant constraint on ead variable (totally n 1
such constraints) to predict the global consistency of a network. This could
be considereda signi cant improvemen over the results in the previous two
sections.

Comparedwith the result in [5], this theorem also provides a lower level (the
smaller of tightnessor width) of consistencyensuring global consistency

Before the introduction of a natural extension of adaptive consistency(Def-
inition 3) { dually adaptive consistency{ we presen a new result on set inter-
section.

Lemma 1. Given a number m and a collection ﬁ;f setsfE;1; ;E|g, assume

there is a set E amongthem suchthat jEj m. Ei 6 ; i the intersection
i21:l
of E and every other m setsis not empty.

Pro of. The necessarycondition is clear.

The su cien t condition is proved by induction on . It is obviously true when
I m+ 1. Assuming the intersection of every k (> m) setsis not empty, we
show that any k + 1 setsintersect. Without loss of generality, the subscripts of
the k + 1 setsare numbered from 1to k+ 1 and let jE;j m. Let A; be the
intersection of all the k + 1 setsexceptE;:

Aij = E1\ \Ej 1\ Ej+1 \ \ Exs1; forl<i k+ 1:

If Ai\ A; 8 ; for somei;j 2 2:k+ 1;i 6 |,

\
E; = Ai\ Aj 6 ;:
i21:k+1
Let A; \SA,- = ; for all distinct i and j. In terms of the construction of A;'s,
E Ai. jAij 1by the induction assumption. Hence,
i22:k+1
X
JE4] jAij k>m
i22:k+1

which cortradicts jE;j m. 2
This result di ers from the small setintersection lemma/[l1]in that the latter
demandsthe intersection of every m + 1 of the | setsnot be empty.

De nition 5. Given a constraint network and an ordering of its variables, let
cx be one of the tightest directionally relevant constraints on x and my be its
tightness. It is dually adaptively consistent if and only if

1) for any variable x whosewidth is not greater than my, the directionally
relevant constraints on it are consistent, and

2) for any variable x whosewidth is greater than my, ¢, is consistent with
every other my directionally relevant constraints on x.



Now, we have the main result of this section.

Theorem 9. Given a constraint network and an ordering of its variables, it is
strongly directionally n-consistent if it is dually adaptively consistent.

Pro of. We only needto prove that the network is adaptively consistent: for
any variable x, its directionally relevant constraints DR(x) are consistert on X.
Let S bethe variablesinvolvedin DR(x). Considerany consistert instantiation a
of S fxg. Weshow that there existsu 2 D, sud that (a; u) satis es constraints
in DR(x). Let | be the number of constraints in DR(x), and let ¢, be one of
the tightest constraint in DR(x) with tightness my. For any constraint ¢; 2
DR(x)(i : 1::1), let a's image on x under ¢; be E;. It is su cient to show

\i211Ei 6 ;:

We know ¢y is consistert with every other my constraints. Hence,Ey, a's image
under ¢y, intersectswith every other my imagesof a. The setintersectionlemma
implies that

\i214Ei 6 ;:

2

Compared with Theorem 8, this result requires fewer constraints to be con-
sistert by making use of the new property of tightness. For example, assuming
there is a 1-tight constraint in DR(x), Theorem 8 demandsevery pair of con-
straints in DR(x) be consistert while dually adaptive consistencyrequires the
1-tight constraint is consistert with every other constraint in DR(x) on X.

Remark on Prop er Tigh tness Dually adaptive consistencycan also be
de ned by proper m-tightness However, when we chedk whether a constraint
network is adaptively consistert, we usem-tightnesswhich is weaker than proper
m-tightness.If a network is not adaptively consisten, we useproper m-tightness
to predict the work neededto enforceadaptive consistencyon it becauseproper
m-tightnessis presened in the enforcing processwhile m-tightnessis not.

When a constraint network is not dually adaptively consistert with respect
to avariable ordering, it can be madesoby enforcingthe required consistencyon
ead variable, in the reverseorder of the given ordering. To make the procedure
more e cien t, we should chose a better variable ordering, depending on both
the topological structure and tightness of the constraints.

Impro ving Bucket Elimination on Constrain t Net works Bucket elim-
ination [3] is an algorithmic framework which uni es the algorithms from tradi-
tional Operations Researt, Constraint Networks, Probabilistic Reasoningand
other related elds. In Constraint Networks, it is exactly the adaptive consis-
tency. For a variable x, the fact that we enforce all its directionally relevant
constraints consistert on x, is described asjoining (a Databaseoperation of nat-
ural join ) all the constraints (taken as relations) and projecting away x (and
thus eliminating x) in bucket elimination. We know that both time and space
complexity of the join operation is exponertial to the number of constraints in-
volved. In terms of dually adaptive consistency if one of the constraints c, is



m-tight and m is smallerthan the number of constraints of concern,we only need
to join ¢, and every other m constraints and then project away x. An extreme
caseis that if a constraint ¢, is 1-tight, it is su cien t to join ¢, and every other
constraint of concern,and then project away x. This is not only more e cien t,
but also introducesa novel way of variable elimination: We do not eliminate a
variable with resgect to a wholebucketof constraints, but eliminate it with respect
to many smaller bucketswhile achieving the same consistencyon all constraints
in the bucket We also notice that in the processof making a constraint network
dually adaptively consistert, more constraints (with possibly smaller arity) will
be generatedthan in bucket elimination. In the future, we are interestedin work-
ing out where the balanceof costis betweenbucket elimination and enforcing a
dually adaptive consistencyon a network.

Possible Applications Dueto the high time and spacecomplexity of bucket
elimination and enforcing dually adaptive consistencyon a constraint network,
they may not be directly usedto solve any problem, which is also one reason
why we introduce dually adaptive consistencyin a declarative, rather than an
algorithmic, way. Howewer, the idea behind them may be useful in speeding
up the seard procedurefor certain problems. For example, bucket elimination
has inspired someheuristics to solve constraint networks (e.g., [7]). We plan to
investigate whether any improvemen can be made by applying dually adaptive
consistency(or even using more semartics than tightnessof constraints) to those
problems for which bucket elimination provides promising heuristics.

6 Conclusion

The theme of this paper is to study the impact of the tightnessof constraints on
the global consistencyof a network. Speci cally, the tightnessof the constraints
determines the level of local consistencysu cien t to guarantee global consis-
tency. Under the concept of k-consistency to determine the local consistency
ensuring global consistency we show that it is su cien t to consideronly someof
the binary constraints. We alsoshow that a weakly tight constraint network does
needa signi cant number of constraints to be tight. After studying directional
consistency we proposea hew type of consistency{ dually adaptive consistency
{ which considersnot only the topological structure, but also the tightness of
the constraints in a network. Basedon this concept, only the tightest (in a local
sense)constraints or the widths of variables, depending on which are smaller,
determine the local consistencyensuring global consistency

The tightness of constraints can also be naturally employed to improve the
e ciency of bucketelimination algorithms for constraint networks [3]. We also
note that Pivot consistency proposedby David [1] is a special caseof the du-
ally adaptive consistencywhere 1-tight constraints (functional constraints) are
considered.

The dually adaptive consistencymay be helpful where the heuristics from
bucket elimination have shovn somepromise. Having shown that theoretically
there is a closerelationship betweenthe tightnessof constraints and global con-



sistency in the future, we will explore whether the tightness of constraints can
play greater role in solving practical constraint networks.
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